LECTURE 10  Febwary 20t , 2026

PART IL Funclamental @uanrtum Algofi‘l:hm

Quantom Circuiks

Quantom  Civeott Model
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unen’cang\cd | Typiaally standard measvvemrents only
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Quontom circot C Corn?t)’cES F: {o,3" — 16,1j \f

¥ nputs x, P | €0 # F&)J £ small
measvvement

'Typu‘cqlly we Imeasove only at the end since we canh add extva q}ubits
to defer the measvrement — ° Pfl\nCilﬂC of Dafewed Measurement
Will be on HW 3

This also s hice Sihce we don't have 1o ded with mixed <ctates since
theye ave no imtermediate measvyements

"—’ Next few lectores
Q1: Does 3 F which quan-l;um cdrevits can comizute much more tﬁfl‘cfenﬂy than classical ones 7

—

Q2: Con q{uan’cUrn civeotts simolate classical circoits 7
3:

Q
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Does the exack quantum gates mattey ©

let's tak aboot Q2 first! Can a Q.C. compule ™ AND

Xa

Recall | Q.gates are. Unitary UUV'=T = U'z0" inverse exists

In porticolar , all quantom gq’ces ave veversible meaning— H yov
know the Qutpol you can f(g'UYe out the inPu’c

Not 4we for AND ! Twe for NOT pnte .



“This {;oFr'c_ of yevevsible Ccam)pu—h‘ng was studied b)/ physic(si:s in the (966s- 30s
"lety were intevested In ehergy e_]ffa'ciency

To make AND gate veversible . we heed more ch)bi‘tc and ane reversible grake CSWAP
(Contolled - SWAP)

contrsl x1 — SWAPS X, and X3 1f X =1

Xy — does no%hl‘ngy if x=0

SWAP
X‘B — '_—__’_J

Glves a Ferm\rtatt‘on of 110007 ... 7] = Unftar)/ gate
Tt's £ own Invevse n fac{‘,

How to implement AND gate ? X, X x|

AND |—— =
s, [ ‘gorbage
0 Pl— % AND X,
0

* agnalla’

Simlarly ope Can implement OR pate using CSWAP
/ P 3 $
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How 1o \'mPIemen\; FANOOUT ga'\;e ? X, %) ——T—xn
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Corollarx Any dassical dreoit com);o{;\‘ngf F: {013 — 16,13" can be qﬂ?\‘denﬂy convevbed
to a vevevsible (and hence quantvm) civeort

QC: %On'qu — {O,|5m+g hta = mtp

a= # of ancilla bits < Joypfca)/y ihitiolized to all O's
o= o garbage bric

e
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(x,0,..0) 2, (F&), g(x))
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F gotes in Quamtum circoit < (G pates in classical civcujt )- constant



How aboot  probabilistic  computing ?

N

|00 —| H |—[ = 6/1 vandom

FLHD—— 0/1 vanhdom

Can defer measvrement Bl the end usingf
move ancilas

‘Summawz\ Quartum circotts are ot least os Towerj-‘ﬁ as Pfobab]\iS‘\:fc Circots

Deall‘ng‘ with unwanted gatbage brts

Suppo:e we wart to ose a classical circoit as a sobroubthe ih a guantum circot
F:fo,8" — {o3™

TF we implemert the classical circoit fe\/erg'nb\y ie.

100 ---
I, oe®y 210007 —— |FI7 | GXKY)

oncilla g’af\o age

Puzale (in-class) Sup]aose we hove a veversible civeott (P, Q,0--~0) —? (P-Q,gc/bage)
Why car't we reverse & & geb on effictent algon'-{:hm for foctoring ?

If things are in soytqaos"tbfcn 5 g‘afbage is difficolt to deal with

apat> loutpor? I fOMbage s entangled wh outpdt
Q.c. we can't e.a&b/ ge:(: nd Of r

lancilla) ‘E‘”’”’“gO A\SD, wakes dfﬁ:fcul’c 40 vse it as
o Sobroutine

So, oj‘—ben we want 1o vemove gqvbage

UhCOmPU‘HE!LGGYbOgQ [ Bennett ‘80s]

Soy F: {0.\31\—* §0,13 com‘:uted Yevefs;bly

‘ X = —Fx) output
Inpot | C'x,__.%h, 0..-0 ) — (FM , g’(ﬂ)
 — avbape
ol © L peee
analla { g E
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Trick!  copy the onswer somewheve and ondo the computation

x —Fod) —— —
inpot | } 5
. N )
analla { 2 ! } 0
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exira & FO)
ancilla o o
by

ey, 0-0,0)  ——— (% Xy, 00, Fxl)

Tf we inibiohze the extva ancilla bit Yo 1

C'xl"'%h' O'"O/ ‘.) E— ( xl--""xhg O""'O, 1® F(X))

Co, overall we get a  goantim civeart implemen-l:fng’

1%, V0= 1y? — % %) 10 —0) ly@®F))
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We can even throw these awa}z now
onee ﬂwey are Untn-l;qngledf

Defu‘nih‘olj A quantum civeor implements  F Lo)1" = £0,13 if it pmputes it as

1Kieetn? [y — %o %) | yOF)Y
>’|~--)’m

let's 4ry to ahswer Q3 now! \Nhab kind of grq’ces do we reed for a quartom cireoit 7

Consider o genefal, quantom civcuib  which n'mFlernehts a Onil:af)/ on n+a qub;ks
2h+'-‘l X zhfﬂ Unitq{y
| inputy— — loutpot ? Extremely big um‘tary & difficolt +e boild in g—mefal

U ‘
Are one or two q/ob\'\: ga&es ehm)gh ‘o l‘m})\erm‘.’h{' w?

YES!

— | pavbagey

\ analla) —




Uhiversal Gate Set

{H, S, cNOT, T] is universel for quantom computing  — similar 12 how AND oR,nOT

is umversal for classical circots
where S = [' 0] Phase pate

o L

T= |2 O
o e'm/,_,

Since 3 Unc00n‘|:0|9|>l many Onitaries , heve we can only 1fret £€- QP)?YOX;ma'h\On
medning the output state of the quantom dvcot ushy {Hs, CNOT |, T
pote s g-close on any inpu¥ state 1o 4he veal ou’q:ot State

LUy = cpdl < ¢ — Al measorement  ovtcomes will only diffey by &
Tmiuevm\ qoantom Civcort

One wanls 4o choose €= _1

or even 2°7 here h =43 qubu'-bs
Pely(h)

So, deyendence on € matters a (ot} Does the gaba set matter Jor this 7

Solovay - Kitaev theovem says that ugn'ng' a deffevert oniversal gate set can
only veduce the number of gates by a facter of lop ¥, Le.

# Gates with oniversa| gate set G < Gabes wrth {H,CNOT, S, T} - log é

AhalOg of Shannon's “[he.ovem Hov  Quantom SQ‘H:t‘ng—

Any onfbary U on m qobits can be approximated , with any universal pate set,
bo € -precision Udng

0 (‘In- Iogc '/E) gates

Most unibaries also feq/uire, (roughly) this many gaﬁ:s.

Now we can start with answenng Q1 — cahn quantom civeorts be more eﬁ'a[eht Igt compuﬁngr
a function ?

©



Deutsch’s ALg’ofithrn

This was avguabty the -fl'vst evey quantUm algorfthm!

What is the problem ?

Gven a function f: {0, — 1013 , determine if- it is constant or balanced

* tx) x £
constant ¢ f(0) = fCv) O—>ep Or oO .
1o 1 —> 9
balanced :  £(0) £ Ca— 30 gor °><:‘°
1 —2 4 N 1

How's the function given to you *  Only "blad-box” or "query” access

i)

One is gfven ah APL \which allows you 1o gel: the valoe of £ on any (npu‘c_
This is the only way to access . In parbicvlar, you can’t see the code of
hewy f IS \‘m))lementecl.

How many queries ave needed classn'cally to solve the Pmblcm (with ho evvoer) 7

> 2 gueries are necessary ond Suffictent

Deubsch's qlgov(thm does it in a single gotry <— 2X sPeeduP over classical czlg'ox{thms

Quantom Queries

What does i mean to query a function as a black-box ?

—

x> — £ 147 is not veversible ond hence not un}ta_ry in peheral
e.g. f’—‘AND

We need 4o imPlement i Yeversib(y as we have Seen:
Up . :
%2ly> — Ix)ly@f@t)) Lef us call this untary U$
input  output
A quantom algoﬁthm can query ig sq}DerPos{ttbn It is eosy +o see that 2 q/oevfes
ove stll qu/uireo( if we only use
0. classical veversible cireuit

NEXT TIME  Deutsch s & Stmon’s Algovithm




