Lecture 11 Febyquy ZS“th

Today  Quantum S/?echps — Deutsch's & Simon’s 7‘\/&007’1'#:171

RE CAP Deutsch's Al g’oﬂth m

Given a function f: {0,l§ — 1043 , determine if it is constant or balahced

* ) x £0x)
Constant :  f(0) = fC1) 0 ¢ 2ep Or O .
1 o 1 —> 1
balanced :  £00) = £0) Cu— %0 oy c’><:°
1°—2 4 9 1

How's the function given to you *  Only "blad-box" or “query” access

A}

One is gu‘ven ah API \which allows you 1o gel: the valoe of £ on any (nput_
This is the only way to access . In particvlar, you can’t see the code of
hewy f IS \'m))lementecl.

How many queries are needed classn'cally to solve the Problcm (with ho evver) ?

> 2 qUP_YI.QS are necessavy ond Su—H:l\cl-ehf

Deutsch's qlgov(thm does it in a Single qotry < 2 X s])eecluP over classical ng’Oﬂ:tth

Quantom Queries

What does i mean to query a function as a black-box ?

—

x> — £ 147 is not veversible ond hence not un}ta_ry in peheral
e.g. f’—‘AND

We need 4o imPlement N Yeversib(y as we have Seen:
Up . :
%2ly> — Ix)ly@f@t)) Lef us call this untary U$
input  output
A quantom algovrfthm can qoery in Sq}DerPos{tlbn It is eoSy to see that 2 q/oeVI'ES
ove stll qu/uireo( if we only use
0 classical veversible cireyit



Suppose  we FU.": the first qlubilr ih M) State

14210) — Up 7= J_{_ U l00? + J&__U 1107
I 2 2
= YooY +1)107 =1 |1o)|fe) + 1 |DIfa)Y
J2 J2 N2 2

|

Cordains information about both f10) and 1)
How do we extract it ’chou&yl—n 7
Measoring 15F qubit collapses to

1021£0)7 o 1021F0) w\prob _3:2;_ each

We covld have clone this cassically as well
by querying™ on 4 random hit

let us 'bvy Puth'ng the gnd qubfl: in duPerPosftl‘on .

lxY1-7 — U-f

el Uplodlo? — 2 UelxPla?
i vz

=1 |40 -1 |44)
Ja J2

L x>0 fe) —L 2211 &f6E07

J=2 V2
= ld?(l/loe)ﬁx)? —_3_-,\1633‘36()7)
J2 =
- e -

L 1od—-1 1) x)=0
= W fox
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Ly - Lloy f fod=1
J2 J2
= { -2 Vf‘ :F(X):O
-1 F =1
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£ is l‘m]Dlemerfteol i the globaL Phase  but stll measyrement will hot he(P wth @ glolaal ):hage

Tn summay : Fivst qub'rt in .sure.fposl'h‘on 1+>10) —| Yp — \-;-_-L_——l07lf(0)> + L \OHOY

2 V=
Second q{ubit n suPchosfﬂ'on % 21=) — U C—I)fcx) (% 5]-7




let's put both qubs in SchrFosf'Hon :

421=> —] 0p |— L _Uplo2-> + L UglaA-D
[ = =
= (1 "0y +£(—n’°‘"m)®|—>
V2 J2

let’s focws on the first qubit and ipnore the second

what we have is @ qobib L (-D716) (¥

NP} J2
= (14> i 4 =) These two states can be distinguished
up to - if ) 4 fC1) P{vjfectly) Interfevence at work!
g|oba\ phase

[F';nal Alp—orﬂ:hm\ () Create 4the stote W21
¥ G) Apply Up
(i) Measove the Afixst qobt In [£2 basis
If outcome is "+"  output “f is constant *
If outcome s =", output “f is balanced

Exerdse  Dvaw a cveut dfag{am fov his algoviﬁ«m

ernind Yoo mmay wonder that +his algov'rlhm has ho l'n}bu’c qubits

The input is the {ruth table of the function §
but it can ohl\/ be accessed as a“b(o.ck-boy” or oracle"

Basfcally , the civeutt can be dvawn as

| - o= In summary, we toke oOuvv
lancilay | U Input = the truth table of f
I— —r"rJ - and the anallas and write o
¥ 0 | subrovtine to compote { vevercibly

=VUp The guanom algor‘ﬂ:hm ts then allowed

16 Lse Uf as a. gal:e in the cireatt

The subrovtine is the only way o access the \‘n)m{' but & may be very COm}DIGX
1o imr\cme.nt-

So, nwmber of queries s not the final word for effn'cl'eng



So, why study this model ?
® Theovetically interesting” and One can vigovously Compave  quantom s classical
@ For most proctical goantom alpovitims , 4 qoenes = H# pates

@ We dor't know how +o prove that theve are wo efficient classiaal circutts
ih terms of # gates

This model is called query c:on\}:\exiy model  or " block-box model” or “ovacle madel”

Simon's AlgOft'%m

Deutsch s algoriﬂrm gLves a 2X sTecd«/)D )

Now we wil look at Simons’ algofithm which g\'vcs ah exPonen’cial advantage M
the humber of qloufes "n

This is still in the black-box model and +he P-robIEm is stil mosﬂy o-f theoretical
wterest , bt & difectly | ns?ired Shor's fac{—or{ng' algori’d'lm )

Simons’ Problem Heve the 'rny.stt(] black-box Junction maps f={o,15h—> {c),)3'11

It is useful to thmk of the otpit of f as a color assigned to

o bib-string

_E_.g. (for n=3) x ()
000 RED
[o%e]
010 BLUE
o1l GREEN
100
101 RED
110 GREEN
| BLUE

ggecl‘al promise. on f  f is assumed 1o be "L- Pe.n'odfc" for ‘some. uhkhown

" secret” stn'ng L & §0,13" wheve L # 00---0

¥xeion". $00 = fx+L)
"o $ t_ odditon mod 2



_d_né £) = —f(y) f and Only l{— "y';'x"'L or y=%

. $ COLORS
In other words, § gives the same color to (x,%x+L) }
=2

. . . h-1
but Pives different colors to different pair
What is L in the above exa‘mrle ?
Simon's P'mblem is the j—ollowfng’ :

Given black-box access 4o f thab is L-periodic | determine L

m\y——-‘ Uy l— 1Oy @ F0)?
© o e /™

m n m

What obout classical algoﬁ\:hms? Really had for classical algorthms !
(In-class Exevdse) \What's the best classical alg'oﬂﬂ'vm?

Gloin  Even allowing' vandomized olgorithms 2 J2"= 14" applicotions oft Uy .

Sketch  Imagihe L was chosen vandomly and § s also a vandom L-periodic function

Say we apply Up T times on =, ... %

* If we see two of the same color eg. X and zY)

then L= x4+ 29 and we ae dome
« If oll colovs ave different , we have vuled ouvt that
L# %9 ¢ 2D for all psi<jsT
Theve ave avmost T such pairs | bub 2™ Fossibih'tt‘&s Jr L

2 n-1

So, T Z 2 jf +hee 5 M0 evror B
Is tnere o matching classical alporithm ¢
Theorem  (Simon) ~ Quantumly one only needs 4n queries, ie. 4n applications of U,
If we vepeab & 5 times, we can make P[fail] = 107

Sumrnarz 4n s 1-4!" <« Exponm’ﬂhl quantvm advantagz

QUantUm C|Q§SIICQ].



The aggrﬂ:hm let us first try to evaliate + on all the \‘n):u’cs N suFerrosf{:tbn

107 —d ‘ —j"
n "["D—T’ [
: Us — = 2-“(-\ 2 l:c,fcocD <= All gueries evaluated
I07—E—T:-—- — r *€ {0l h a suFex])os]-H'oh
10) ———— —
m P — I
{ 10) ————:’__J—"f" Why?
0 ®
. oh  _@m _ 1 1 LA L O S % ®|0)m
At Sk&?@, state (s 1+ \0.) - (Fa_\o)-kﬁ‘o |0) (J‘Eﬁ' XZG{O-HID)
At step @, galk i Ug WM = A Uy [#510--0)
Jon Xelolr <>
= L 2 1O0fx)?
Z
Eg. G—‘or n=3) x 00 The State at @ is
000 RED
ool 1 (\0007®|QED7 + looN® | ? +)
o100 BLVE B3
o1l GREEN
100
101 RED
110 GREEN
N BLVE

So, far we have qPPU'Cd Up once, ie. made one guentom guery
From this we wi\ learn one bit c\v,‘-‘ information and we cap ve_reqt thie then

let’'s e how 1o do that ! —j

Let's measvve all the ancillas and see what the state of the fivst n q/obi{:s collaPSQS to

——
|

107 —u . -
N A el

Y% =

10> —w—— —

10) ———— — A :___—: }Mea.sufe,meht Ovtcome s a COLOR
i { \{o) ————’ —t Letc cal ¥ c¥e $0,3"

Recqlltng' the vules of quu‘al measy rement |

P [ Mmeasore c*] = sum of Squard amFlH:udes where the color is c*



= 2 1 = 1
2h 2 & OLoRs

Since by L-))E,Y"OC“CA‘?' there ore exacH): 4wo Such terms in the state

. Z 172 | $607?

—_ < n
JE_?\ 6{0||3 R_ COLOR.

So, oul,'Pch s a uhl\\-fofmj)/ rahdom Color

And the :)oint stale becomes }_lf) Ic*> +1_ l?CfI-L>Ic'>
~— Jz Jz

where «* and o*+L are e ]?m‘r.c where :f has valve ¢*
Eg. L (10007(9 | REDY + looN® | 7+ ... +|loD®|RED) + )
g

P[ eoch color] = L
‘ yoint)
ard if we measne RED , state collapses to

1 1000)81REDPY + 1 |1617® | RED)
\F] J2

So, State of the firsk n qyub'rhs be come.s | %> + | A+ L)

1 i
Jz Jz
This is very sl'mrl,e sbate | Almost looks ke we ave done! Bot are we ?
lef s 4y some haturol things

Ty | Measure  with 50+/+ chance pet x* and '+ L

but cart do t twice with one copy of the state
since wt's destroye_d affer measuvement

‘ﬁ\! 2 Prepave anothey copy

but we will get o defferent ¢* and the Patr
associated b that — Again hot helpful

NEXT TIME Ty 3 Unl‘tavy trans{ormation  an 12?2 + 1 |x*+LD

1
NE Nz



