
Lecture 11 February 25th

Today Quantum Speedups - Deutsch's & Simon's Algorithm

LECAP DeutschAlgorithm

Given a function f : 20
, 13 + 50

, 13 ,
determine if it is constant or balanced

Y f(x) * f(x]
constant : f(0) = f(l) 00-> a 6 or O a O

-

+
- -

10-01

↳

balanced : f(0) + f() 00
-508 or

10- 1

How's the function given to you ? Only "black-box" or "Query" access

*F- f(x)

One is given an API which allows you to get the value of f on any input.
This is the only way to accessf .

In particular, you can't see the code of

how f is implemented.

How many queries are needed classically to solve the problem (with no error) ?

&) 2 queries are necessary and sufficient

Deutsch's algorithm does it in a single query = 2X speedup over classical algorithms

MuantumQueries

What does it mean to query a function as a black-box ?

14 -If(x17 is not reversible and fence not unitary in general
e . g. f

= AND

We need to implement it reversibly as we have seen :

|x)(y)(f)(x)(yf(x)] Let us call this unitary Of
input output

* quantum algorithm can query in superposition It is easy to see that 2 queries
are still required if we only use

a classical reversible circuit

⑤



Suppose we put the first qubit in 1) state

It)10)- : = EN100) +Ul

= 100) +110 =F 1071f(o) + (1) If(

↑
Contains information about both f(o) and fill !

How do we extract it though ?

Measuring 1st qubit collapses to

1071f(o) or 107/f(1) wiprob E each

We could have done this classically as well

by querying on a random bit

Let us try putting the 22 qubit in superposition :

(71)-) Ef(x)10) - EUf()()

=(0) = 100f( -E (x)(1f(x)

=I100f(x)f(x)

-(10-E)
if f(x = o

EIK-loy if f(x)=

=El if5(x)= 0

if f(x) = 1

= (- 1)f(x)(x))-)

f is implemented in the global phase ,
but still measurement will not help with a global phase

In summary : First qubit in superposition (H) 10) -FF EOIfIOK+ K(f()

second qubit in superposition (x)1--]-(1f(x) (x71-

②



Let's put bothqubits in superposition :

|t |-)) EVf107) +EUf(1)
= (EffP10) +)x

Let's focus on the first qubit and ignore the second

What we have is a pobit (fio10) +E-if1)
= Its if f(0) = f(l) These two states can be distinguishedEup to -> If if f(0) f(t) perfectly ! Interference at work !

Global phase

#FinalAlgorit (i) Create the State Ithlf

(ii) Apply Of
(iii) Measure the first qubit in 1) basis
If outcome is "t" output "f is constant"

If outcome is"-" , output "f is balanced"

Exercise Draw a circuit diagram for this algorithm

#king] You may wonder that this algorithm has no input qubits

The input is the truth table of the function f
but it can only be accessed as a "black-box" or "orace"

Basically ,
the circuit can be drawn as

In summary , we take our

input = the truth table of flancin and the ancillas and write a

subroutine to compute f reversibly
The quantum algorithm is then allowed

to useIf as a gate in the circuit

The subroutine is the only way to access the input but it may be very complex
to implement

So, number of queries is not the final word for efficiency

③



So
, why study this model ?

① Theoretically interesting and one can rigorously compare quantum vs classical

② For most practical quantum algorithms. # queries # gates

③ We don't know how to prove that there are no efficient classical circuits
in terms of #gates

This model is calledavery complexity model or "black-box model" or "Oracle model"

Simon's Algorithm

Deutsch's algorithm gives a 2x speedup !

Now we will look at Simons' algorithm which gives an exponential advantage in
the number of queries !!

This is still in the black-box model and the problem is still mostly of theoretical
interest

,
but it directly inspired Show's factoring algorithm !

-nons'Problem Here the mystery black-box function maps f : 50 ,
13" -50 ,

13

It is useful to think of the output of as a color assigned to
a bit-string

Eg. (for n =3) X f(x)
-

000 RED

018 BLUE

001 " YELLOW011 GREEN

108 YELLOW

101 RED

118 GREEN
-

11 BLUE

↑

·ecial promise fisassedtobeperiodic" forsome
una

* x ( [0 ,13 f(x) = f(x+ 1)
& addition mod 2

④



# f(x) = f(y) if and only if y = X + L or y
= X

In other words ,of gives the same color to (x
,

X+1) &
# COLORS

but gives different colors to different pairs
= 24-7

What is L in the above example ?

Simon's problem is the following :

Given black-box access tof that is L-periodic
,
determine L

-

What about classical algorithms ? Really hard for classical algorithms !

(In-class Exercise) (What's the best classical algorithm ?

A aim Even allowing randomized algorithms = JEV = 1.4" applications of Uf

#etch Imagine L was chosen randomly and f is also a random L-periodic function

say we apply Of T times On X" ---

-
x

(T)

· If we see two of the same color e .g .

x1) and XYl
,

then = x
<"

+ x
(5) and we are done

· If all colors are different ,
we have ruled out that

↳ xx) + x() for all Li< jET

There are almosti such pairs ,
but 2""possibilities for L

So
,
T > 2""If there is no error #

Is there a matching classical algorithm ?

# eoren (Simon) Quantumly one only needs in queries ,
i

.
e. 4n applications of Uf

If we repeat it so times
,

we can make [fail] -10.t

Summary 417 vs 1 .4 => Exponential quantum advantage
-

quantum classical

⑤



#ealgorithm Let us first try to evaluatef on all the inputs in superposition

= Maveries evaluatedE :
in a superposition

Why ?

① ②

At Step 00 State is 1**,0K
= (10+=@

At step20 State is UH
**
16
*

= Ug(x710

= (fx

-

000 RED

Eg. (for n =3) X

"
f(x) The State at Q is

001 YELLOW E (1000(RED) + 100KGI YELLOW ...
018 BLUE

011 GREEN

108 YELLOW

101 RED

118 GREEN
-

11 BLUE

So
, far we have appliedUf once

,
i. e. made one quantum query

From this we will learn one bit of information and we can repeat this then-

->
Let's see how to do that !

Let's measure all the ancillas and see what the state of the first in qubits collapses to

E :· Let's call it* E50 , 13
"

Measurement Outcome is a COLOR

-

Recalling the rules of partial measurement-

# [measure c
* ] = sum of squared amplitudes where the color is

⑥



=OLOR

since by L-periodicity there are exactly two such terms in the state

eco,n(x) (f(x)]↑
COLOR

So
, output is a uniformly random color

And the joint state becomesE+*52
where x* and+ L are the pairs where f has value c

*

E /100(RED) + LOOK YELLOW) ...ODORED+.
IP(each color] =

(joint]
and if we measure RED -

state collapses to

=
1000IRED) + 1 /101@IRED

T2

So
,State of the firsti qubits becomes+

This is very simple state ! Almost looks like we are done ! But are we ?

Let us try some natural things

Try I Measure with 50% chance get x
* and x

*
+ L

- -

but can't do it twice with one copy of the state

since it's destroyed after measurement

#2 I prepareanother copy

but we will get a differentc and the pair
associated to that - Again not helpful

NEXT TIME Try3 Unitary transformation on Ex
* )+x

#


