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Simon's Algorithm (wrapup)
Quantum Fourier Transform

#CAP Given black-box access tof that is L-periodic
,
determine LEGO , 13

"

Black-box access :E

L-periodic : f(x) = f(y) iff xy= => pairs (X ,
X+1) get a distinct color

(1 .4)" classical vs 41 quantum

#ealgorithm O Evaluatef on all the inputs in superposition
②

% := Adveries evaluate
in a superposition

#. the State at & is

E (1000(RED) + 100KGIYELLOWY +...

Fal hearn one bit of information about 1 from this superposition

& Measure the ancillas

11 E :nament outcome is a can

Let's call it* E50 , 13
"

-

↳ (measuringC]=s

Q



*

And the joint state becomes EXIC+52

where x
* and+ L are the pairs where f has value c

*

E /100(RED) + LOOK YELLOW) ...ODORED+.
IP(each color] =

(joint]
and if we measure RED

-
state collapses to

=
1000IRED) + 1 /101@IRED

T2

So
,State of the firsti qubits becomes+

This is very simple state ! Almost looks like we are done ! But are we ?

Let us try some natural things

Ey1 with 50% chance get x
* and x

*
+ LMeasure

-

but can't do it twice with one copy of the state

since it's destroyed after measurement

#2 I prepareanother copy

but we will get a differentc and the pair
associated to that - Again not helpful

#3 Unitary transformation on Ex
* )+ x*

③ Let's apply a Hadamard gate H on each qubit and see what happens !

SE :·Let's call it* E50 , 13
"

-

②



At step & ,
the state is H

*

"(E) + Ex+)

=HHO

What is H
*"(x) ? E

. g. if (x) = 10 ... -0

H
* 10 ... 0) = (H(0)(@ (H(0))Q - - -QHi0))

Is)= H
*

=(10) o +

H
*"(X

..-xY = (H(X, )(Hix)0 ---- (H(x,) H10) = 1) =0

= (10 + (1)0--(0) +Hi(k) +(1) = 1) =E107-

-n
(

*St---is
Is]

So
,
the state at step & is

Escoin)71
**
(5)+

***
either [2

ifLa = 0 God 2

O if L . S = 1 God 2

= Fo
**
is

&
Half of all Se50 ,

13" satisfy Sol = 0 God 2

i
. e

.such strings in the sum

What happens if we measure this state now ?

We get a uniformly random se[0 , 13" such that sol-o mod 2

#ote : All the information about y went away !

This is one bit of information. aboutL

For example if s = 0 .. -- 10 - --o had a single 1 coordinate

we learn that particular bit of L
③



In general ,
we get a linear equation sol-o mod 2 for a random s

↑
We know explicitly e

.g. s = 1001110000

L = Litz------ 41

=> L
,
+ hy + - + Ly = 0 nod 2

We can repeat this whole quantum subroutine T times and get T linear equations

&"L = 0 -> Each equation reduces # of possible L's by E
g(2 = 0 and we can stop if there are exactly 2 solutions

: the true secret string L & 0

s = 0

If these contain n-1 linearly independent equations ,
we know exactlya Classical algorithm

such as Gaussian

Elimination

#summarize : · Quantum subroutine gives us a random s satisfying s . L = 0

· Collect T such strings which gives T linear equations (God 2)

· solve them classically

Laim [first n-1 sl
....
s"-"are linearly independent) E

Start again if they are not

## applications of Up until we succeed] = 41

-roofof Claim Assume S" .....
s") are linearly independent

i.e
. they span a subspace &X ,

s" +&s + -- +dis" 19, . . . .
x: 50 , 133

which has size zi

The next glitt is independent if it is not in the span

#[siSpands... S3) = z
bad event

#P(good : s"* Espan ds") , ....
S4] = 1 -2

⑪



# (all 12-1 are linearly independent] =( ) (1)(i) ...))
↑

1 (s"e span -203] ↑
#[s"-"Espana)s".... S(

-

23]

= ( )(in)
E(+#)(' -:)(" is) ...

"El "I -t - + - -.. )

=

#EXT : Buildup to Show's Factoring Algorithm

Given No find P. qs . t . P . q = N

Shor's algorithm uses a similar subroutine over integers mod N called ORDER FINDING

ORDER FINDING : f(x) = a
* modN where a is uniform random number

coprime to N

find L (dividing N) S .t · f(x) = f(x+ 1)= f(x +22) = f(x+3L) ...

Main differences with Simon's problem :

① Arithmetic mod N where N is a large number

② No promise that( divides N ,
so need some results from number theory to deal with it

③ We can build the black-box ourselves -> This is what makes it practical !

The algorithm for order finding is similar to Simon's algorithm but we need an

analog of He that works mod N

This is the Quantum Fourier Transform which we now introduce

⑤



#antumFourier Transform

Let us first talk about the PassicaldiscreteFourieraksform

Useful in recovering periodic structure in data

E. g. continuous forrier transform allows

nun= =
& freg 1

+ +

W freg :

#timedomaint Frequencydomai

Discrete Fourier Transform (DFT)

Given f :I + C

10) f(O)

! ! !=fil isslugh where Elro) , .... Wa3 is
S=0

a different basis called
IN-i) f(N-1) ↓ the EN-Fourier basis and

↓ j(i) are the Fourier coefficients
2 1

TIME domain "FREQ" domain

Standard basis Fourier basis

(Inverse) DFT matrix DFTN = (wXs) = I
Unitary Matrix

S= 0 ip i ... roping DFT" = DFTH

E.2 DFTz= ii) = H

For general No we need complex numbers

Let w = e
***

be the primitive Nt-root of unity

⑥



u 2

⑧ WV

&

⑧ &

W= = cos() + isin(
&
-

O
I /N

·

Wi
2

①

&

& #T (w +Wr + - .. +=N

*
&

&

S
I

I

I

I

&

SXDFTr= x ... ... w

I

so lu=we-
-I

I

I I IN

w
,

Plotting Real parts of us the graph looks like a discrete cosine wave

Re(UsIn
& 000000000 and

->I
S = 0

wi%
Eg(N =4) DFTE=wow w,I w wa I

Wi w ww can express moda

since w = 1

DFTN = Conjugate Transpose of DFTa
= put negative signs in the exponent

Ohe can compute discrete fourier transform of any vector in NooN time classically

However
,
since DFTN is a unitary matrix ,

one can applying it to a quantum state

#TE The coefficients in standard and Forrier basis are encoded as amplitudes unlike
the classical case where one can write the N coffecients on a piece of paper

The advantage is that one can IMPLEMENT DFTN for N =2 with

0 (n2) quantum gates (1 and 2 qubit gates)

O(2" n) time classically ,
so exponential savings but

here we get a quantum state

⑦



Let's see how to do this by example . Say N = 16

2

We want to implement (x)E wherew

DFT
,p(x) = y(10000) + w"10001) + wa 1000) + w3Y 1001k + ...

+ wY111(1))

Is this state entangled ? No !

-(e)
ISz)

Compare this to the following step in Simon's algorithm :

H
*"(x) = (+)d)-( 0 )+ 0

.... output qubit i depends only on input qubit x

↑ &
if Xz = 0

if x
z
=

For DFT
,
each output qubit depends on all n-input qubits

We will do the transform qubit-by-qubit

It will be very convenient to reverse the order

Least significant bito- 15) most sig

Ixie e27

|x2))

moste 1437- 1So) least sig
X = X4424, Xo

⑳



One can do I SWAP gates to reverse the order at the end

To do the oth wire
,

We need toget11 < seems like this depends onall

4 qubits of X

Notice
,

wo = w, = (1)

so, w8x
= (1)" and it only depends on whether

* is even or odd
,

i.e. On Xo

So
, wewant = HI

Isb (# 15) risb

|x , ]- 1527

|x2))

msb 143]- ISo) Isb

To do the 1st wire
,

we need toget
wh

= seems like this depends on all

4 qubits of x again

~" = i
,

so g44 = i* only depends on x mod 4

i. e. Xo and X1

4(Xo +2x , +4/2 ++3)
47

W
= w

, 6
since 1642 ,

32xz = 0

= 64x0 .
y8x1

= (04)x0(1)*

So
,
the 11 state should pick up phase (-1) if X.

= 1 - Hadamard

should also pick up phase o"If XoI

"trolled-w" "gate ,
control qubit = Xo

100) -> 1003 1 10) -> w" 110)

101 -+ 101 111) + 2"Ill]

: I

W
4!10 ↓

1

⑥



IKot 159] msb

#1)fl Is2

|x2))

isb
14-

5- ISo) Isb

Rest is similar
,
in the end we have

--Isb Ko] gl 159] msb

|x , ]

-TIA
-msb (43)E. ISo) Isb

H wh wh

Total gates : 1 + 2 + 3 + 4 + -- + n = 0(hz)

#Remarks) For general n
, say n = 1000 We is the controlled 21000th root of unity

phase shift gate

We cannot build this accurately in practice

In general , not realistic for 2" root of unity for K, 30

Luckily ,
it's not a problem !

# suppose we delete all gates where Klog (E) E
. g .

K =30

E= 1%

Then
,
the resulting circuit

· "E approximates" DFTN -success probability of Shor's
algorithm only goes down byE

· remaining gates can be built since they have large phases

· only o(logE)) gates remain = Near linear size !

Way more efficient !

#TIME Buildup to Shor's Algorithm : Order Finding

⑰


