LECTURE 9 Febrvavy J_Qﬁ‘ , 2025

Today : Exchanging  Quantum Information ( contd)
L— Quan’com _l_ele,{;owa’al'on & Holevo's Thegrem

PART T: Fondamental Quantvm Algof%ms
L Basics of Quahtum Compurtings

0 W/{g Alice has 142

RecAP  Quantum Télepoﬂ'aﬁorl

A 7 cla.sSical‘—a Alle » Bob share an EPR poiv
Alice 19> bits ’lF\cy can e)(chang't classical messages
Alice 1Y) — —
? text message
T : 2 classical bits
-
v
Bob ? —/ |‘-P>

"1 ebt + 2 clossical bits » 1 qubft !

Even if Alice knew the descvfi)t(on of 1YY you would think she needs to
send many bits t6 describe the amPll‘{udes , bot here she only sehds two

bts & Bob pets a perfect Copy of 197

How does this work °

SuFPose that Alice and Bob covld do a distributed cNOT gai:e where Alice has
the control cLubH: 2 Bob has the bargd:

We will describe how they can do this h a bt but lets -P-rocecd assums’ng +hi's

Why CNOT?  It's the ’dﬂl'ng that's most smilar +o coryfng



distnboted
CNOT

Al W) = atlO?+ BILLY -
R LA }aloo7+Bll\7

Bob 100 ——8—]

A the end Bb is supposed 1 have |Y? and Alice’s copy is svpposcd o be destroyec|

What can she do ° Measove her qpbit ?

@ Alicc measvves in the glandard bass — w/prob. l” Bob has 10?7 Nt what

Bl Bob has |17 e wanicd

"I?i 25 Alice measyves in the 1> bosis

let's Smulate this with  Adice applies a Hadamard galz O measures in the Std. bosis"

Abce

H ;: 0('\ —

IR N

P R R

Bob

' ‘ +0 D= Soo)+ X 110? + _E lot) —-_E (W7
o100) +BLID o|+071BI-1D & = v =

After Alice measores
2
P[ ovtcome 0] = %Iz+ I%_\ =h

Bob's qobit be comes aIO?+P|l7 which s |y?

LN )

P {outcome 1] =

pik

Bob's q()bl‘t becomes @107 -BlI7 — Almost 147 bot hot quite
Alice texts Bob her measyrement outcomes

Ijl 0 : Bob does no‘thfng’

If 1: Bob applies the Z gate | ' © 167 — 107
o0 -I )= =17

L Bob has 197 &



Note - Alice's T)b"t is destvoyed after she measores

How do ‘bhcy Pefﬁ)rm a distriboted CNOT wrthouk ge_—l:ll‘ne— ‘{Z)g&he'( 7

® @
Alice p) — : Let s say Mie first does

a [ocal CNOT

IEPR)

Bob

At time O the sobe of al three partices is
Ta\-ag»{:

|
) +BID)® (L (oo +|_|u)) = A 000Y + L (ond +B llooY +B [N
(2107 +BID) <ﬁl + Ze = £ JE;
coﬂfro\

At time @, the stake ts % 1000) + £ 100y +B oy + B |lo1?
J2 J2 J2 Jz

Now what ! At the end Ale's wants fo do a distvibuted CNOT with fist qublt
os control ond Bob's qlobl‘b as —targe,t
She measuves the second ctobﬂ:

A (600Y + £ [on? +P lloo? +_E>_Il1\>
I TR

Plovkeome 0] = (X[ [E| - L
State of particles | b 3 is «100> + Bl — Distriboted cnoT Il
P [ovpome 1] = L
Stae of pavtices | & 2 s alol) + plio? > Not quite whot we want
But Alice can text Bob what she measoved -
if "0" * Beb doees noﬂ'\ing'

E """ : Bob qﬂblies NoT gm':c 4 his zcobH:

Then, the state is o 100) + PIH? < “They have performed a distrbuted  CNOT !



Hoew much inonmQ{:I'Oh can be enceded in qubl‘l:s.?

h- qlobit state

IP>= = Ay 1X7  has 2" Compley amp\ftudes
xe€0ﬂ}n

On the sutface i looks Wke & Contains an exponential amount of information
In Quantum Comroﬂ'ng , We want to harness this to owr advantage

Bot as we havw seen, we can only get information by measurements which
changes the qluqn’cum state , so theve is a delicate balance here

If we have n qvub\'ts , how mouch cassical |‘nforma'ﬁbn canh we Store ?

Can we vse n CLOb;{ZS as a "q,uantOm hard drive Y0 store much mert
than n classical bits ?

Holevo's 7F|eove£ says that fov infofma{:ion Sforagﬂ qu antum bits arve
hot much belter than classical bits

—

She wants to encode X in some n-qobit state 19y) s.t. Bab
can do local opevations to try 4o decode X

Bob only gets X with hiph probability if n 7 m
= [P [ Bob decodes X corvectly] £ "™

More to this story& If Alicc & Bob share an EPR pair
che can send only m qvobits & Bob can recover

—

Wwith gh ]Jfobab{lify. *

"4 ebif + 1 qobt 2> 2 dassical bit”

This ’s called sU]:erdense, Cadl'ng b very similar
to 4o ep ortation

\’Tﬁeorem Alice hos an m-bit s’cfing X thai she wants to transmrt to Bob.



Basics of Quantum Compyting

First let us start with the basics of dassical camPutl‘ndor

Classical Civewit C X

- B v,
AND
?2 >FEE-\___ Ya
: -
Xn *L_‘\_‘Eﬁl — yl’h
InFo’c Ouffut

Compuies  a fonction F: fO,l}h — fo13" <— "lypically just
h-bits m- biks cohsider m=1
Since We Cah oo’clout
bit by bit
bit rcPchcn},xtl‘On of a laYge huvmber

n

Eg A
Yy

if X is ‘P’(imf_ or not

\

Our focus will be on ef]ffcfehcy — desa‘&on crcoits  with fewest number of f'ate.c
in particolar, how does the IF gabes scale with n 7
Ts % n? or 2N7

# Bales i a classical circolt roughly cowes})onds to number of time S‘l:cP.S‘ an a!gor)ﬂnn takes
# Gates = # time - Steps

How woold you implement, this as a progrom or a Tovihg" Machine °

E.g. Python clef Fx): OR Toﬂ‘ng Machine
— T v
Yetuyn y -

FACT: Given Py’chon code that comPszs F in Tste?s on |eng+h n—inputs,one Ccah
preduce o circvit osihg FAND, OR, NOTY gatts that computes F and has
Cpypthon - T log" T pairs ?



Shannon’s Theorem (193%) Everyy F: {0)3" — 30,13 can be com):uteol by a circolt
with 27 gates.

Also, almost qgll F's need > g_f grates.
"

“he funckions wwe care about are slnecial and in some cases we only heed polynomial in h pts
Eg. shortest path

Probabilistic Computation -+ Add a FLIP gate

1
FLIP {0 WP 2
1 owpo g

rahdom oo{:PuL’
no inPot

A probabilishic drewlb G wompotes T :{0,3" — §o,3 »
pr computes f

f inpots x, P [Co) # Fx)] < small (say 1°4) < We can vedoce

fiips the ewor b y

'refca‘bing

We stron believe that probablistic wmputation does not oive exponential savin
) P mp gyve ¥P &

NEXT TIME ®vantom  Ciraits




