Quantum Complexity

A Brief Overview

(Updated: 04/21/25)



How powerful are quantum computers?



Are there advantages of quantum computers over classical ones?

How powerful are quantum computers?



Are there advantages of quantum computers over classical ones?

How powerful are quantum computers?

Are there limitations to quantum computers?



Complexity theory sheds light on these questions!

Are there advantages of quantum computers over classical ones?

How powerful are quantum computers?

Are there limitations to quantum computers?



Can quantum computers solve NP-complete
problems efficiently?




Can quantum computers solve NP-complete
problems efficiently?

So far the answer seems to be no



Can quantum computers solve NP-complete
problems efficiently?

So far the answer seems to be no, but there is no formal proof of this...



Can quantum computers solve NP-complete
problems efficiently?

So far the answer seems to be no, but there is no formal proof of this...
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We will see our first lower bound
(or impossibility) result
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Quantum Query Algorithm

An arbitrary £-query quantum algorithm can be expressed as

o L Ho HoHo HeHo Ao Hiro.

for some fixed choice of unitaries Uo, U IERERE Uf
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From ¢ queries...

...to 0 queries



Equal Computations

1

where f: {0,1}" — {0,1} is the identically zero function
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Show that there is some choice of y € {0,1}" such that the states

and 0

are very similar unless the number of queries ¢ is sufficiently large

The algorithm cannot distinguish well between the oracles and
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'; [Bennett, Bernstein, Brassard, Vazirani’94]

We need €2(1/2") queries to distinguish whether fis

identically zero or not with probability €2(1)

Grover’s algorithm is best possible in the number of queries!
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We will first give an overview of some important
complexity classes

https://complexityzoo.net/Complexity_Zoo
(Great resource to navigate the Zoo of complexity classes)
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The class of decision problems solvable by a
polynomial time quantum machine

Examples: All problems in P
Classical computation can be made reversible with at most a polynomial overhead

Given a number and a bound, does it have a prime factor smaller than the bound?

A decision version of Factoring (Shor’s algorithm)
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“Solution can be efficiently verified (quantumly),
the quantum version of NP”

QM A The class of (promise) problems having polynomial-size quantum
proofs that can be verified by a BQP machine

Quantum Merlin-Arthur

Examples: All problems in BQP
We can simply ignore the quantum proof and run the BQP machine

Given a local Hamiltonian and values a and b (with b — a > 1/poly(n)),
is the ground state energy below a or above H?
The local Hamiltonian (well-known QMA-complete problem)

(this problem requires some time to be properly introduced)
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EXP The class of decision problems solvable by exponential time Turing machines

BPP The class of decision problems solvable by probabilistic polynomial time
Turing machines

MA The class of decision problems having polynomial size proofs that can

_ be verified by a BPP machine
Merlin-Arthur
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Complexity Classes 101

Major open problem in Computer Science and Mathematics

Pvs NP

“Is proving a theorem harder than verifying it?”
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EXP
/PSPACE
%MA\\
‘ MA
“BQP Nlp

\ /

»



Classical and Quantum Complexity Classes
EXP

U

PSPACE




Classical and Quantum Complexity Classes
EXP

U

PSPACE




Classical and Quantum Complexity Classes
EXP

U

PSPACE

BQP and NP are conjectured to
N P be incomparable!



Classical and Quantum Complexity Classes
EXP

U

PSPACE

BQP and NP are conjectured to
N P be incomparable!

\ / NP ¢ BQP




Classical and Quantum Complexity Classes
EXP

U

PSPACE

U

| BQP and NP are conjectured to
N P be iIncomparable!

\ / NP ¢ BQP

BQP ¢ NP



Conjectured Complexity Landscape

XP




Conjectured Complexity Landscape




Can we give a complexity upper bound on BQP?



EXP

U

“BQP



EXP

U

“BQP

Implication: efficient quantum computers will never provide more

than some exponential speed-ups (if any) over classical ones



A Better Upper Bound on BQP
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BQP verifier measures the first qubit and accept iff outcome is |1)
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Can we compute a single amplitude s in PSPACE?
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More Questions?



