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Van Gogh prize
a symbolic prize for any student
in the course that solves an

importantopen problem
like van Goghyouarenotgoingto receiveanything

otherthanhavedone somethingamazing

warning there openproblems can
be challenging



Spectral Lens
Let G V E be a d regular
graph on in vertices

Let A be its adjacencymatrix i e

Ac.IR An v 1am use E

Study the spectral theorem

Let 1 212 In be the eigenvalues

of A with corresponding orthonormal

eigenvectors 4 En E IR

AE di Ei

1 Prove that d is an eigenvalue

of A



n

Def X XS Fixi

Ex EIR and 4m R

ONB orthonormal
We can write baris

6 with α Cli X
ist

n

Ex α Parseval

it

Ex Cx Ax EH di

Ex A sym A has real eigenvalues

Def Rayleigh quotient X AX for 0
X X



Ex Tr A di

Ex Tr A

Ex THAT 2 El

Ex If 6 in simple withdeg t

ko

Ex Prove that 1 d

Do Jin I all ones non matrix

Ex Compute eigenvalues of JM



Def kn complete graph on in vertices

Def Kais complete bipartite graph
G V LUR E with 14 9 Rtb

Es Compute the spectrum of Kn

Ex Compute the spectrum of kn.in

Ex Compute t s of kind

Ex 11 of Kaib

Ex 12 may Hit

Ex 6 bipartite Spec 6

Spec 6



Some Nations of Expansion

Def 2 5 ECS5 Edge boundary

Def ICS 114
Conductance

Def 6 him 6 Cheeger's

SEV constant
15k

Def 1 max lid tint
two sided spectral expansion

onesided

Def 1 1 one sidedspectral

expansion



Def e s T 115,7 I SHE E

Ex have that

lets T dk led 1 1

Expander Mixing Lemma

Ex Improve the error bound 1TH
Sep α 6 independence number

Ex Prove that 4

Hoffman's bound

Ex Prove that day I Δ 6

Def 6 is the chromatic number

Ex Prove that 6 1 1

Wilf's bound



Mixing Bounds

Ref I in the all ones vector

Def R 1A is the random walk
d matrix

Ex R

Ex Prove HRp ftp ffn forany
distributionp

Mixing bound
in l

Study the Perran Frobeniustheorem useful
for understanding moregenalMarkov chains



Eigenvalues as an optimizationproblem

Let Vk spandE 44
We span 4k Ent

Ex lk min x Ax Max CX Ax
O XEVK XX O XENK X X

Ex Prove the min max variationaltheorem

TEE.IE vEIE mErioIErE
dimV k dim V n Ktl
Courant FischerWeyl



The Magic of Interlacing
Ex Eigenvalue Interlacing
Let AER he real symmetricmatrix

and B be a n t x n t principal
submatiin

eing A 1 int

eig B IT In it

Prove d d train
Hint are min max theorem for

eigenvalues

Extend to rxr principal submatrix Bwith 1 ran

Ex Hi Ii litn r for ietti
CauchyInterlacingThem



Refresher on PSDness

Def A real sym matrix M in positive
semidefinite PSD if

ER Mx 0

Ex Prove The following are equivalent

1 M in PSD

2 M has non negativeeigenvalues

3 amatrixW s t M Wtw

Natation We write MY 0 if MinPSD

We write MikMa if Ms M220
This gives a partial order Laemnerorder



Laplacian Matrix

Def L II A Laplacian Matrix

LetMEµs mn betheeigenvaluesof L

Ex for d regular 6 we have

µ d it mid in

Ex Prove that Lx Aj xj

Ex Conclude that L 0 PSD

Ex Prove that CIs L 1s IECS511

Ex 6 connected ma 70

Ex If 6 is connected then Ma diamle



Ex KK Me 0 of connected components

Ex 6 bipartite iff Mn 2d

Ex Prove that 6

2d

1 Prove that I E Off
Hint are eigenvectortan to find a cut rounding

Cheeger's Inequality

6 FE2d



Characteristic Polynomial

Def Characteristic polynomialdet II A ch 1

Theroots of ch t are theeigenvaluesofA

Cayley Hamilton Theorem ch A 0

Ex 6 hasdian K A has at least
connected K 1 distinct eigenvalues

Hint Cayley Hamilton minimal polynomial



Ex Let A B be two real sym
matrices with rig 1 In

Is s.int

Compute the eigenvalues of A B

Def S E is an edge

signing

Def Ash 511mV if 24,04 EE

O otherwise

Ex Prove H As Δ 6 for any
signing s



Limitations on Spectral Expansion

Ex 6 d regular I Fd 1 one

Ex If 6 has diam 4 12 Td
Hint look for the stars

Ex 12 0 G kn
Hint interlacing

Ex Suppose 6 is connected 6 has a

unique positive eigenvalue off 6 is

a complete K partite graph
Hint interlacing



1222 1 01 1
Alan Bappana bound

Car If D 011

1232ft 1 tags

Def 6 is Ramanujan if I 27

aka Optimal Spectral Expanders

OP van Gogh Prize

Construct infinite families

of Ramanujan graphs forevery
d 3



Vertex Expansion

Def N S re ses n S EE

Def Vertex for Losslen Expansion

s

1K
I 6

my
6

SEV

Of van Gogh prize

Construct explicit family with

6 for E RK

for two sided tripartite lantern



On the complexity of Expansion

Hypothesis he 10,11
8 10,1

s t it is NP hard to distinguish

given input graph G V E

4 S V with 151 8hand

I 5 2

No S EV with 151 on we
have 5 21 12

OP Van Goghprize
Prove or refute the above hypotherin



Def Boolean n hypercube is

the graph Hn V E where

V

E u u I 14 4 1
or equivalently

E 3m Ute I MEZ i e a

Ex Show that the adjacency
matrix of Mn can be defined

recursively as

A An I



Def The cartesian productof
graphs 6 V61 ECG and

H V H ECM is defined as

6 H V V 6 V H

E Right Igahall
Lga 82 E E 6 andhe ha or

g go and 2hr ha E H

Ex Prove that

Ex Prove that the adjacency matrix

of 6TH Can be written as

Agon AG InnitIingAn



Ex Prove that

Spec Asm 1 1 I despee6
I e Spectill

Ex Compute Spec Mm

Ex Consider the recursive edge

signing of An

B 98 Bn Bna Iii
Iii Bm

Prove that Bn haseigenvalues M
each with multiplicity 2

Hint show BnBn n I



Def The induced subgraph

of
G V E an SEV is

defined as

GCS S E Mule Elm v e S

Ex Prove that

S E V Mn with 1512241

Δ HAS A
Hint Cauchy interlacing on Bn

and 116 116

Huang's theorem implies the
Sensitivity Conjecture via a known

connection of Gatrmannand Linial



Recall

Of Van Gogh prize
Show that Ifamilies of
Ramanujan graphs exist for
every degree d 3

OP van Gogh prize

Signing Conjecture Bilu Linial

Every d regular graph G VE

has an edge signing S E
such that the signed adjacencymatrix

satisfies eighs 2Mt 281
Positive answer wouldrevolve
the first OP on this page



Fourier Analysis

Deflets Cn The character Xs Z It
in defined as

Tsh Is
Let fig Z IR

Def f g IE fix glx
2

Thisisjusta convenientnormalization for
Fourier analysisdifferentfrombefore

Ex LXs.ES SIT

0 0 w



Ex Xs seen forms an ONB

for the space of functions f Z R

Ex Fourier decomposition

f Ʃ FIS
SEEN

where fls f Xs

Ex Xslxty Xs x Xs y
homomorphism It

Ex Sf f I 5

Parseval



Ex 70 1

Ex 810 fix

Ex Van f Ʃ 155
SEEN
S

Def The convolution of f andg
is defined as

f g x fly glx y

Ex fig 5 fls g s



Def The degree of f is

deg f mar 1St
5fls 0

Def dist f g PI.z.nlfix gal

Ex If f g Z 411 them

Lf g 1 2 dirt fig

Ex Let A be the adjacencymatrix

of Him Prove that

A Xs In 215177s
Characters as eigenvectors



Deft f 22 2 2 in linear if

f x Citi for some CEZ
1 1

Ref 2 f 25 in linear if

f x fly flxty x y 22

Ex Deft Ref2

Property Testing Model

Query

fix
n

zi



Def A property in a rubret P of
functions from f Z 221

E g.PE linear functions

Def dirtif P min dist f g
ye

Meta Chuntion Decide

1 f has property P or

2 f is E far from P



Consider the following 3 query
tester for linearity

1 Sample x y Z uniformity

2 Accept iff f x fly fixty

Ex If f is linear then tester accepts
with probability f

For convenience let's think f maps
to IIII instead of 22

It Prej f Pr Tester rejects f



Ex
fg.bz fly flxty 1 2prejlf

prejlf dirt f Pon
Hint Fourier analysisand convolution

BLR linearity testing

Ex X T SAT



Complexity Measures

Let f Z 2 11 EZ

Def sensitivity of f at

Slf X Kie n f x fixtei 1

Sep sensitivity of f
s f FEE 581

1

Notation Let BEEN fBei
Def black sensitivity of f at x

bs f max 4K disjointBe BRE N
s t flx f

Bi Kiecky

Def black sensitivity of f

bs f MEE Dslf



Ex 10s f Slf

EÉ find f satisfying bs f 1151674

Recall deg f max 151

S P 0

We say a polynomial p x Xn

approximatesf 1 10,11 if

Ipix fix e HI

Def Approximate degree

dig f 1min degreep p approximatesf



Classical querymodel viewed as a string

i XE I Xi

Think of n as very large

Chuantum querymodel v

Ii C III Xilis

Ox unitary

Ox is Xilis



DecisionTree Simplified computationalmodel

Input X Xa

Internalnodes label queryvariables

E g start at the root

Hit 1 0,0 4 It and queryinput

M with me
I I leaf is reached

ft

Leaves are labelled with outputvalue

of a computational path

Output valued of leaf
reached byevaluating

the decision tree



Ref height Tree lengthofalongestpath

from root to a leaf

E g for the previous example the height is 3

heist

I
Def Decision tree complexity of f

or clanical querycomplexity

D f min height T T in atreecomputing f

Ex Dlf deg f



Quantum Chuery Model

Given f Z 10,11 a t query protocol

specifies
t remitariesNo Ut

49 0 404107
starting state

t queries to theoracle

Tace projector centreacceptingsubspace

Pacek 111 49 0 404107 12

such that

Ipaceld flaky EZ

Ex pace x is a polynomial of degree 2
in



Ref Quantum query complexityof f

Ch f min It quantum t query protocol

for f

Ex Chlf digit
2



Before 2018

bslf
deglf

Slf deglf o Rlf
Dlf

not known to
be poly relatedto

hlfh
all polymoniallyrelated

D590 Semitivity Conjecture

bslf paly Slf

Provedby Huang in 2018

Ex Dlf Calf



No superpolynomial quantumspeed up
for total functions in the query model

of computation

If f is a total function then
Ch f f

OP van Gogh prize

Find other efficientquantum algorithmsfor
useful tasks with no known efficient clanical

algorithm give evidence thatnoneexist



GroupTheory Refresher

natation overload

A group 6 is a net 6 with

a binary operation satisfying

1 gig e 6
gaga

e 6

2 16 at 1 g g t g Age6
existence of identity

3 ge6 e 6 at gog
t

gf.gl
existence of inverse

4 gilga.gs lgi.gal.gg gaga 6

associativity

Wemay use gigs todenote go.gs



We say that 16 is Abelian if
go.gs ga g q g e 6

commutativity

In this case we may we't insteadof
o

We may simply may 6 is group



Cayley Graphs

Let G be a group and SEG

Cay 6 5 in the graph with vertex
net V6 anddirectededge ret

EI lgsg Ige6 SES

Ex Mn Cay 22 Lee enl

Ex Cay 6,6 is the complete graph
with self loops

Ex Cay 6 61314 is K161

Ex Cay 6 417 in the graphwith only
self loops



Ex If 5 5 then Cay 6 5 is
undirected

Ex the cyclegraphCn on in vertices

is Cay Zn 1

Ex generalize the definition of a
character

from 22 to 2 definingmapsX 3
that are homomorphism to the complexunitcircle

Ex Same question from before but now

from to Zn



Ex If X andY are characters then so is

X 4

Ex 7 1 is a trivial character

Ex If X 1 then Ʃ g 0

8 6

Ex git x ̅ lg

Ex g 41g
It if 7 4

0 0 W

EI Generalize the definition of character
to finite Abelian groups



Let A be the adjacency matrix of
Cay 6 5 for some Abeliangroup 6

Let f 6

Ex Af 1 1 Ʃ flsx
SES

EX If X in a character then X is

an eigenvector

AX I X
with eigenvalue

1 f s

Ex Compute the eigenvalues of Cn



Ex Compute I mar4Nd think

of Cn

Is it a good expander or not

for large n

Ex Compute the Creeger constant

of Cn

Ex Define a right Cayley graph with

multiplication by a generator on theright

Ex Given two sets of generators A B 6

define a left right Cayley graph

Cay A G B



Ex find a square's in Cay A G B
Hint

gb agb
ge 6
a EA

g dg be B



Pseudorandom Distributions

F E f E f be a collection

of functions to be

foaled

Dee We say that a distribution D on

E book if feF
I ftp.E fix D If D Es

Ref We say that a distribution D on E
in E biased if it E foals F 7,154

all characters

Equivalently
1EACH E SEE



Suppose D in an E biased

distribution that is uniform on

some multinet of IF

Ex Ure D to define

Cay 22 E generatingnet

n.t.NL Cay 22 8 E
n normalized
1 two sided spectral

expander

Ex Provide a convene

transformation
Equivalent pseudorandom objects
E timed dirt E expander



Coding Theory

8 11 q1 alphabet Iq any

Def Any E E E in a code

in in the blacklength

Ref Normalized Hamming Distance X y e Ʃ

Δ x y taxi y E 0,1

FundamentalDef Minimum Distance of E

barometer

of e
Δ e

Iffy day
c Lol

Def Rate

x e logy Iel e 0,1
n



Error Model Hamming
ee Ʃ

Xie Xi

Adversary can change symbols of

leading to some corrupted

x ̅ e Ʃ

Ref Error X x ̅

Ex If A e theme

can correct Ldf adversarial enon



CodingTheory Wishlist

Want C Ʃ satisfying

Bath Δ e and x e as large

as possible bent rate vs distance tradeapp

Efficient encoding

Efficient list decoding

Explicit construction

Over small alphabets ideallybinary

Local properties local testability
decadability etc

Achieving subnetof there wisher in wide
open in many cases't



Ref Linear Code

We say C is a linear code if Ʃ IFq

and I f is a linear subspace

Ex If E is linear and dim e K

then r E

Ref Normalized Hamming Weight Ʃ

1 1 f 0

Ex If C is linear then

Δ C min 1 1



Def 6 Iq in a generating

matrix of e if

E im G

Def H E If in a parity
check matrix of E if

C Ken H

Ex If C is linear E admits

both a generating matrix and

a parity check matrix



Notation

44,42 Yan

Def Hadamard Code

In flat flat flat l

f If in linear

N 2

Ex In If is a linear code

Ex Δ Hn

Ex r Hn



Ex Write a generating matrix

for An

Ex Write a parity check matrix

for Hn

Hint BLR

Ex Show that Hint in optimal

among binary linear codes

with Δ e



Def Dual Code EG linear

et yelf Cy O Axel

Ex e is a linear code

Ex dim e dim et n

Ex If H is the parity checkofC

then
et row span H

Ex Mt is the generatingmatrix

of et



If IRolynamials of degree t
t

If X cot Ext Ctx'T

Co Ct Fg

Let K n q

P Kika in If
Idirtinet

Def Reed Salamon Code

Rsplk n plat plan

p e f



Extremely Important Fact
A
Low degree polynomialshave

few roots

Ex If p c If X then

Kαefql p a of t

Ex R Sp kin Eq is a

linear code

Ex Δ RS kin n Ktl
h

Ex RS Kin



Ex Write a generating
matrix for R Sp Kin
Hint Vandermonde

Ex have a rank lower
bound on 1 1 submaticer

of the previous material for l K

Ex Given p e FgEx
how many evaluation points
are needed to interpolate it



A General Code Upper Bound

Ex Any C with
Ace In and

E want

satisfy Ktd n 1

Singleton Bound

Ex RS kin meets this band

optimality of RS cader



Finite Fields Properties

Ex 29 α αef
If If1101

Ex VeF it

If 38 c IN

Cyclic Property

ExƩ α 0 for 1 i q l

α Efg



Ex Compute RS 1k n

Ex Write the parity check

of RSr.lk n

Def Good Codes

We say that a family of codes
with in x is good if

Δ e 80 14

x e to all
for every C in the family



Def E balanced Code

We say a linear binary code e

in E balanced if O ee

1 1 E.CL 10

Ex Starting from an E biased

distribution D on F define
an E balanced code e IF
Hint dim e K



Equivalence Triad of
Pseudorandom Objects

Ex Formalize all the equivalences

E balanced
codes

E biased E two sided
spectraldistributions
expanderover Z
over 2



Entropy and Volume
Def Hamming Ball e 8 10,1

Bfx b n ye Ʃ I 1418181

Ex Bq10,2 nl f q 1

Ex Fix 8 0 find

a function f 0,1 0,17 n t

lim log B2108 nl I
n to f a n

Hint look ahead if very stuck



Def Binary Entropy 12 0,13 Co3

halx log Callog
ha f y

I

Ex 8 10

2112101
on n Balo 2nl 2420h

Ex Refine the q any entropy

by analogy with the binarycare



Another Code Upper Bound

Ex If E E Ʃ with
Asel In then

let of
IBCO LED

Hamming Bound

d 2 n for 2 0 1 f
Ex Mel 1 hq 18 2 tort

Asymptotic Hamming Bound



1

A Code Lower Bound

Ex Show that e Ʃ with

Δ e d in and

e 1 log 48,40 d t

Gilbert Vanhannon Bound

69 Bound

Give tence different proofs

111 Greedy Construction

2 Random Construction



d 2 in 8 0,1
Ex E with A e 8 and

r e 1 hq 8 old

Asymptotic GV Bound

Ex Show that a random linear
code achieves the GV bound
whp

Hint sample a generatingmatrix

Ex If 8 1 then the code from

the previous problem is E balanced whp



OP van Gogh Prize

Construct explicit binary codes

achieving the GV bound

OP van Gogh Prize

In the GV bound

asymptoticallyup to on it additive term

the best possible rate vs dirt

trade off for binary codes

Again for fixed 8 c 0,121 and
n a



Terror Codes

Let Ca If and CB Fq be

linear codes

Def Tensor Code

A CB ME IF
A B

every calof

M belongs to CA and

every row of M belongsto

CB

Ex CA CB is linear

Ex Compute CA B in termsof

ACCA and Δ Cs



Ex Computer CA B v Mcaland Ks

Ex CA Col

Ex Cat CS



Ref DPC

We say that e in a low demity
parity check code if it admits a parity
check matrix 11 with at most 100 011

non zero entries per row and percolumn
ofcanne thin in for a familyof coder

Let G V E be a no regular
bipartite graph with normalized one sided

spectral expansion I 0,1
Think of no as 0111

Let to 15 be linear with
sled 8 10,1
r Cedaro e 10,1



Def For Ve V16 21N 14V1 E 611

Def Tanner Code tailored to thincare

Tanner 6 C EEE law e lo
ve V61

Ubs son in viewed as a string inf
Any ordering of the edger do v1 will workfor us

Let Ho e f be a parity check maturia

for Eo i e to KerlHo

In a picture c IF
v0 bits on theedgesof6

4214
11 o Ho lyin 0
1 I

login Co



Local to global
Ex Write a parity check matrix for
Tanner G C

Ex Prove that if do Old then
Tanner G C is a LDPC code

Ex Compute a lower bound on

Tanner Geo

Hint count constraints

Ex Prove a lower bound on

Δ Tammer G Lo 80180 1

Hint expandermixing lemma



Ex Use explicit families of
do regular expander graphs to

construct an explicit family of
good binary LDPC codes

Ex Generalize the construction for
codes over fog



Replacement Product

Let G n E be a de regular

graph same

Let H dis E be a da regular

graph

For each v e V G we label its
incidentedges with distinct numbers in

de

Eg 3 Id



Using these labels we define
a permutation on V6 di

p e 1H16 dB x VG CID
n f

Piv i n j ith edge of V is
incident to jth edgeof

Ex PII

On Nate that P is the adjacency
matrix of a matching Ematching



The replacement product of G

and H is

6 OH VG XV H E where

E Ecand U Ematching

Ecloud You Er and

Ev Mi Yj 1 in j
i and j are

connected

in H

Ex Draw Kg Cy



Terminology vertices V i lie de

are said to be from the name cloud

Ex 6 Cd is a 3 regular
graph

Qs can lead to a great degreereduction

Ex 60M is a 1 1 regular
graph



Zig Zag Product

Let 6 be a

4 1,1 graph

in E of
vertical

degree

tunaYsabel
spectral
expansion

Let It be a di da ta graph

Cdi E




















