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Abstract

A central and longstanding open problem in coding theory is the rate-versus-distance trade-off
for binary error-correcting codes. In a seminal work, Delsarte introduced a family of linear
programs establishing relaxations on the size of optimum codes. To date, the state-of-the-art
upper bounds for binary codes come from dual feasible solutions to these LPs. Still, these bounds
are exponentially far from the best-known existential constructions.

Recently, hierarchies of linear programs extending and strengthening Delsarte’s original LPs
were introduced for linear codes, which we refer to as higher-order Delsarte LPs. These new
hierarchies were shown to provably converge to the actual value of optimum codes, namely, they
are complete hierarchies. Therefore, understanding them and their dual formulations becomes a
valuable line of investigation. Nonetheless, their higher-order structure poses challenges. In fact,
analysis of all known convex programming hierarchies strengthening Delsarte’s original LPs has
turned out to be exceedingly difficult and essentially nothing is known, stalling progress in the
area since the 1970s.

Our main result is an analysis of the higher-order Delsarte LPs via their dual formulation.
Although quantitatively, our current analysis only matches the best-known upper bounds, it
shows, for the first time, how to tame the complexity of analyzing a hierarchy strengthening
Delsarte’s original LPs. In doing so, we reach a better understanding of the structure of the
hierarchy, which may serve as the foundation for further quantitative improvements. We provide
two additional structural results for this hierarchy. First, we show how to explicitly lift any
feasible dual solution from level k to a (suitable) larger level £ while retaining the objective value.
Second, we give a novel proof of completeness using the dual formulation.
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1 Introduction

A central and longstanding open problem in coding theory is the rate-vs-distance tradeoff for
binary error-correcting codes. Roughly speaking, it asks for every § € (0,1/2), what is the largest
exponent Ro(d) such that there is a distance dn error-correcting code of size 220917 Degpite many
decades of effort, the best upper and lower bounds on the rate Ro(0) are still far apart, implying
that we do not understand the exponential growth rate of optimal binary codes.

Convex programming is not only fundamental to algorithm design but it can also be employed to
study combinatorial and mathematical structures. The best known upper bounds on Rg(d) come from
the analysis of convex programming relaxations. In a seminal work, Delsarte [Del73] showed how to set
up linear program relaxations for the maximum possible size of an error-correcting code. The Delsarte
LPs have unfolded into a far-reaching theory leading, for instance, to the best known upper bounds
on Ry(d) [MRRW77], to breakthroughs in sphere packing [CE03, Vial7, CKM™*17], and to improved
bounds on packings and codes in other types of geometric spaces [Lev98, Bac06, BV08, BNO06].

The success of convex relaxations is sometimes limited by an integrality gap between their
optimum and the true value of the combinatorial problem. For error-correcting codes, it is known that
the value of the Delsarte LP is exponentially far from the Gilbert—Varshamov lower bound [Sam01]. If
the true size of an optimal binary code is actually near the Gilbert—Varshamov bound (as conjectured
by some specialists [JV04, Gop93]), then this family of relaxations needs to be substantially
strengthened.

Given this context, stronger convex relaxations might be imperative to tighten the upper
bounds. In principle, powerful semi-definite programming (SDP) tools such as the Sum-of-Squares
hierarchy [Lasl5] can be applied to this problem [Lau07]. However, asymptotic analysis of these
SDP-based relaxations remains elusive even for the simplest cases [Sch05], and only numerical results
are known for small constant values of blocklength [GMS12].

To appreciate the difficulty of asymptotically analyzing convex relaxations, recall that the goal is
to construct a feasible dual solution which upper bounds the primal objective value. Typically, this
requires an explicit construction and analysis. This is a different goal from typical uses of convex
programming in algorithm design, where the starting point of the analysis is a solution returned
by a convex programming solver. There, one does not need to know the precise structure of the
optimum but only the property that it is (near) optimum.

Recently, hierarchies of linear programs extending the Delsarte LPs were proposed for the
important case of linear codes [CJJ22, LL23b]. We refer to them informally as “higher-order
Delsarte LPs”. The idea behind them is to strengthen the Delsarte LPs with additional natural
constraints which nonetheless might be simple enough to theoretically analyze. In fact, these
hierarchies were shown to converge to the true size of the code [CJJ22, CJJ23], namely, they are
complete. Besides being LPs instead of SDPs, these hierarchies bear strong similarities with Delsarte
LPs for which we now have various theoretical analyses and a richer set of techniques [MRRW77,
FT05, NS05, BN06, BN08, NS09, Sam23b, LL23a, CDA24].

Constructing dual solutions for the higher-order Delsarte LPs can lead to a breakthrough
in the rate-versus-distance problem. Nonetheless, the higher-order structure of these LPs may
still require substantial effort to be understood and analyzed. In this work, our main goal is to
substantially increase our understanding of the structure of the higher-order Delsarte LP hierarchies
by establishing three new results about their dual formulations.

Before we present our results, we first recall these LPs with an informal and intuitive description
(see Section 2 and Appendix A for more details). The Delsarte LP (used in the first LP bound) has



a variable intended to count the number of codewords of each Hamming weight. The higher-order
Delsarte LPs form a hierarchy with a level parameter £ € N. There is a variable intended to count
the number of ¢-tuples of codewords with every possible Hamming weight configuration of a subspace
of dimension . For example, for £ = 2, essentially there is a variable for each (a,b,¢c) € {0,1,...,n}>
which is intended to be the number of pairs of codewords (z,y) such that (|z|, |y, |z + y|) = (a, b, ¢).

1.1 Owur Contributions

We show three different ways of constructing dual solutions for the higher-order Delsarte LPs.
First, we show how to lift a solution from any level k to a higher level £. Second, we show how to
construct an explicit solution at a higher level. In contrast with the lift that takes any solution
as a black box, here we must directly understand and tackle the additional complicated structure
imposed by the higher levels. Lastly, by relaxing the constraints, we are able to come up with a dual
solution that shows completeness. We will now elaborate on each of these three new constructions
of higher-order dual solutions.

Motivated by the proven strength of these new hierarchies (their completeness) and our extensive
understanding of the first level of the hierarchy (i.e., Delsarte’s original LPs), a natural question is
how to lift a dual solution from level 1 to an arbitrary level ¢, i.e., how to explicitly construct a
level ¢ dual solution from a level 1 dual solution while (appropriately) retaining its objective value.
A lift is one way to identify an explicit solution to level £ of the hierarchy whose value matches
the Delsarte LP. Therefore, there may be potential to perturb the lifted solution in a direction
which improves the objective value. Besides improving our understanding of how dual solutions are
related to each other across multiple levels of the hierarchy, the additional structure of the dual
at higher levels has the potential of leading to improvements in the objective value (in case the
original Delsarte LPs suffer from integrality gap). We prove a general lifting result from a level k
dual solution to level ¢ assuming that k divides £. More precisely, our first structural result is given
below.

Theorem 1.1 (Lifting Dual Solutions (Informal version of Theorem 4.9)). Given an arbitrary dual
feasible solution of level k, we can explicitly construct a new dual feasible solution of level £ > k
provided k divides ¢ (this can be done over any finite field IF,). Furthermore, this new dual solution
has (appropriately) the same objective value of the given starting solution.

Remark 1.2. Unlike more structured convex programming hierarchies such as the Sum-of-Squares
SDP hierarchy or Sherali-Adams LP hierarchy, establishing a lift for the higher-order Delsarte
dual LPs is not trivial. We also stress that the value of the above theorem lies in its explicitness;
“monotonicity” of the objective value was already established [CJJ22] (using the primal formulation),
and this is not the point of the preceding theorem.

Another natural question is whether we can construct dual feasible solutions for higher levels of
these new hierarchies from scratch. As noted above, there are now a wealth of perspectives and
techniques to construct dual feasible solutions to level 1 (the original Delsarte LPs). For instance,
the original MRRW proof relies on properties of the Krawtchouk polynomials, which form a family
of orthogonal polynomials, whereas some more recent proofs use spectral graph theory and Fourier
analysis. Curiously, these various analyses are largely different perspectives or small variations of a
single construction. Nonetheless, having multiple perspectives can be very helpful, and they can
serve as (seemingly) different starting points for analyzing the hierarchies.



Although these hierarchies are structurally similar to the original LPs (coinciding at level 1), there
are challenges to be addressed. First, the hierarchy at level £ > 2 inherently relies on multivariate
versions of Krawtchouk polynomials, as opposed to the univariate version of level 1. The asymptotic
behavior of the first root of univariate Krawtchouk polynomials plays a crucial role in the original
analysis, while establishing an analogous property in the multivariate case is less clear. Moreover,
while level 1 is the same regardless of whether a code is linear or not (only the meaning of the
variables changes), higher levels of these hierarchies have new constraints associated with linearity
which pose new challenges.

Our second structural and main result is an explicit construction of dual feasible solutions to
constant levels of the hierarchy for the important class of balanced linear codes', giving the first
theoretical analysis of a convex programming hierarchy containing Delsarte’s original LP. The main
contribution here is to make sense of the higher-order structure of the hierarchy, suitably generalizing
spectral-based techniques for the Delsarte LP. Obtaining such suitable generalization was met with
substantial challenges (see Section 3) as it may be expected in analyzing any convex programming
hierarchy strengthening Delsarte’s LP since progress in this area has stalled in 1970s. The objective
value of our constructed solutions approximately matches the state-of-the-art MRRW bound up to
lower-order terms in €. Our main result is stated below.

Theorem 1.3 (Higher-order Dual Solution (Informal version of Corollary 6.11 of Theorem 6.7)). For
every constant level £ € N, there is an explicit construction of dual feasible solutions at level { for
binary e-balanced linear codes with rate upper bound R5(5), with 6 = (1 — €)/2, satisfying

R5(6) = (14 0-(1)) - RY™RY(5),

where RYREW(§) is the rate upper bound of the first LP bound of [MRRW77].

The proof of the above theorem establishes a footprint of how to construct higher-order dual
solutions, breaking the ice on the daunting complexity of higher-order convex programs. It may
serve as a technical foundation for further quantitative improvements.

We now give some additional context before describing our third structural result. A feasible
solution of the dual can be seen as a certificate establishing a universal upper bound on the size
of codes. Ideally, the better we understand the structure and nature of these dual certificates, the
better positioned we may be for designing new ones. The higher-order Delsarte hierarchies are
known to converge to the true value of a linear code; however, the known proofs [CJJ22, CJJ23]
are entirely based on the primal version of these hierarchies. It is then natural to ask if we can use
the dual hierarchies to prove completeness. Our third result is a novel completeness proof of these
hierarchies which uses their dual formulations.

Theorem 1.4 (Completeness from the Dual (Informal version of Theorem 5.1)). The dual higher-order
Delsarte LPs obtain the true value of a linear code for any level { > n and over any finite field .

Remark 1.5. Unlike other more structured convex programming hierarchies, such as the Sum-of-
Squares SDP hierarchy or Sherali-Adams LP hierarchy, (exact) completeness for the higher-order
Delsarte’s LP is not immediate [C.JJ22, CJJ23].

A better understanding of completeness from the dual may also help understand the power of
natural LP hierarchies for lattice packings, extending the celebrated Cohn and Elkies LP for sphere

'Recall that, for € € (0,1), an e-balanced linear code is a code in which every non-zero codeword has Hamming
weight in [(1 —e)n/2, (1 +€)n/2].



packing [CE03, Vial7, CKM™17]. Recall that the Cohn and Elkies LP can be seen as a close analog
of Delsarte’s dual LP designed for sphere packing.

1.2 Organization

First, we recall the higher-order Delsarte LP hierarchies of [CJJ22, LL23b] in Section 2. We
provide several different formulations of the hierarchies which will be used to establish our results
(other equivalent formulations that will not be used in the present work are included in Appendix A
for the curious reader). In Section 3, we give the main technical intuition of the proofs. We
formally prove the lifting in Section 4. The completeness from dual is presented in Section 5. The
spectral-based construction of higher-order dual feasible solutions is given in Section 6. We end
with some concluding remarks in Section 7.

The reader should refer to Appendix B for notation as needed.

2 A Brief Introduction to the Hierarchies

Both hierarchies of [CJJ22, LL23b] can be used to upper bound sizes of linear codes in an
arbitrary set of “valid” linear codes Valid,, C Ly, (Fy). In the prototypical cases, Valid, is the set of
all linear codes of distance at least d, or the set of all e-balanced codes. Once Valid,, is fixed, at
level ¢ € N the hierarchies make use of the set

Valid,, , ' {X € Fo* | span({X1, ..., X,}) € Valid, }.

The easiest way of stating the hierarchy of [CJJ22] at level ¢ is as the Lovész ¢ of the graph
Gp,¢ over the vertex set Ff;xn in which X)Y € IFf;X” are adjacent exactly when X —Y ¢ Valid,, ¢. If
C € Valid,,, then the set {X € IFgX” | X1,...,X, € C} is an independent set in Gy, ¢ of size exactly
|C|¢, which is upper bounded by ¥'(G,,¢), giving us the first formulation of the hierarchy of (34)
(which is deferred to Appendix A.1 as it will not be used in the present paper).

It turns out that the SDP arising in the Lovdsz 1’ function can be explicitly diagonalized, leading
to a linear program. By noting that there is a natural “global translation” action of Fy on the space

IF‘gX” given by

(z- X)je % Xop + 2 (X e F&™ 2 e T2 j € [0,k € [n)),

and that the program (34) of ¥'(G), ) is Fy-symmetric, every feasible solution can be symmetrized
under this action without violating its feasibility or changing its value. Furthermore, Fj-symmetric
solutions are simultaneously diagonalizable and the positive semidefinite constraint is then encoded
by the Fourier transform (see Appendix A.2 for more details) given by

FXOE foxx)=—7 > fIX (f € €7 X e Fom),
XE]FZXn
e 2mi X
xz(X d_f exp Z Z ki jk (X e Fflxn).
JE[€] ken]



This yields the linear program (1) below, whose dual is (2) and that first appeared in [CJJ22].

A linear code C € Valid,, yields a natural solution fc of (1) given by fo(X) def 1[X4,..., X, € (],

whose value is |C|¢. Note that when ¢ is a power of 2, due to X = —X, the symmetry constraints in
the primal are automatically enforced and we can therefore remove S from the dual.

Variables: f: ]FsX” — R

max Z f(X)

XeFg ™
s.t. f(0) = (Normalization)
f(X)=0 VX € FY"\ Valid,, ¢ (Validity) (1)
f(x)=o0 VX € ]stn (Fourier)
f(X)=0 VX € ]Ff;X” (Non-negativity)
f(X)=f(-X) VX eF" (Symmetry)
Variables: g: IFZX” — R, [: IFEX” R
min g(0)
s.t. g9(0)=1 (Normalization) (2)
g(X) + B(X) - B(—X) <0 VX € Valid,, ¢ \{0} (Validity)
g(X)>0 VX e FX" (Non-negativity)

Next, one observes that there is a natural “label permutation” action of .S,, on ngn given by

def . .
(0-X)ij = Xio(j) (X € ngn,a € Sy,i €[f],j € [n]).
It is easy to see that if Valid, is Sp-symmetric under the natural action of S, on Fy, then so are
Valid,, , and (1) under the S,-action above. This allows us to further symmetrize the program
to obtain the formulation in (36) in which the Fourier transform is encoded using multivariate
Krawtchouk polynomials (see Appendix A.3).

Finally, we introduce the Partial Fourier Hierarchy of [LL23b]. This hierarchy follows from the

observation that the natural solutions fo(X) e 1[X1,...,X¢ € C] to (1) not only have non-negative

Fourier transforms, but in fact have non-negative “partial Fourier transforms” defined as follows.
First, we note that GLy(F,) also acts on IFgX” by left-multiplication, which in turn induces a

right-action of GLy(F,) on the set of functions F;*"™ — C given by (f - M)(X) et f(M - X). Then
for X,Y € Fgm, ke {0,1,...,n} and M € GL,(F,), we let

def i def _
ng) (X) e Z En H XY ) . H ]]-Y] (Xj> ’ X’;/,M(X) de! Xg\lj[)fl.Y(M 1. X),
Jj=k+1

where x, () def exp(2jem) 27riyja:j/q) is the usual character and we let

Fi(H)X) = (£ 1) Y 12 X2, Fiear (F)(X) € (fx M,

ZeFexm



for every f: ngn — C. A straightforward calculation then yields

Fem(f) = Fi(f-M)- M1, Fera(F) =" Fraa(f) - Ra, (3)

where Ry is the diagonal matrix whose diagonal consists of k entries —1 followed by ¢ — k entries 1.

Noting that for every C' € Ly, (IFy) the function fo(X) def 1[X1,..., X, € C] satisfies Fi, p(fe) =

0 (k € [€], M € GLy(Fy)), it follows that we can add further constraints to (1) to obtain a stronger
hierarchy,? called the partial Fourier hierarchy [L1.23b], formulated in (4) and whose rather technical
dual (7) is deferred to Section 4. We will show in Lemma 4.2 that the dual of (4) is further equivalent
to the simpler (5) below.

Variables: f: IFgX” —-R
max Z f(X)
XeFgxn
s.t. f(0)=1 (Normalization) A
f(X)=0 VX € F™\ Validy (Validity) )
Fem(f)(X)>0 VX e FgX”,Vk € [(],vM € GLy(F,) (Partial Fourier)
f(X)>0 VX e FXm (Non-negativity)
f(X)=f(-X) VX eFym (Symmetry)
Variables: gp: FY™ — R (k € [(])
min 1+ gr(0)
kell]
1 : o (5)
st 14 S (ge-M)(X) <0 VX € Valid,o\{0} (Validity)
L) &
MEGL(Fy)
Fi(gr) =0 Vk € [¢] (Partial Fourier)

3 Technical Overview of the Proofs

The purpose of this section is to highlight the main ideas of the proofs and provide intuition, in
preparation for the full results. For simplicity, we restrict ourselves here to ¢ = 2.

3.1 Lifting Dual Solutions

A lift transforms a level-k solution of value V into a level-¢ solution, with objective value V*/*.
The scaling is correct, since solutions in the hierarchy’s ¢-th level provide an upper-bound on |C \Z
for C' € Valid,,. In our approach we construct functions f, f@) .. k) that satisfy increasingly
more constraints, and terminate with a feasible solution f(¢/*).

In fact, [LL23b] only includes partial Fouriers with M = I, but explicitly requires solutions to be GL¢(F,)-
symmetric; here we opt for this formulation which can be shown to be equivalent straightforwardly.



Here we illustrate our method with the LP (2) over Fy. In Section 4, the lifts are developed in
full for the stronger LP (5) over general finite fields, F,.
We start with a lift from level 1. Let h': F — R be a feasible solution for level 1 of the dual

hierarchy (2). It will be more convenient to work with h = 4" B’ — 1. Observe that

h >0, h(0) =0, Va € Valid, ; \{0}, h(z) < —1,
To lift h to level £ we start by defining
fOX) =S h(X) VX =(Xy,...,Xp) € FY

Namely, we ignore all of the rows of X except for the first.

The Fourier transform of () is non-negative, since h > 0. Also, fM(0) = 0. These two
properties persist throughout the process, for f@), &) ete.

The validity constraints are only satisfied if X; € Valid, ; \{0}: otherwise, f((X) = h(0),
which not only is positive but in fact exponentially large. To handle the case X € Valid,, , with
X7 =0, we define

JOX) S FOX) + (1 +h(0) - h(Xa) - 1[X; = 0]
Observe that f® only differs from f(!) when X; = 0. The validity constraints now hold if

(X1, X2) € Valid,, 2, but not when X; = Xy = 0.
We continue by defining, for t = 3,...,¢,

FOX) Z D) + (14 h(0)' 7 A(X) - 1[Xa, 1 = 0]
It is not hard to verify that f*) satisfies®
9 >0, 790 =0,
FO(X) < -1 VX € FY*" with X, € Valid,,; \{0}

£ (X)=(1+h(0) -1 VX ¢ ngn with X7 ;=

Thus, the function f f (©) 4+ 1 is a feasible solution and f(0) = (14 h(0))¢ = 1’(0)¢. This concludes
the lift from level 1 to level ¢ in the LP (2).
The lift from level k to level ¢ proceeds similarly, except that we advance in chunks of k rows

per step. Suppose we have a level-k feasible solution to the hierarchy (2), h': ]ngn — R, and let

B 1. We define

FO LD (14 h(0) 7 A(Xp1yst, pt) - X0 kgen] (€ [E/R)).

Then, similar arguments show that f f (t/k) 11 is feasible for level £, and its value is £(0) = h/(0)%/%.
Our strategy remains unchanged as we move to the stronger LP (5). However, the symmetry
operation in the validity constraints calls for a slight change in the argument. Rather than arguing

3Tn fact, there holds, moreover: f(t)(X) < —1 for every X such that X;,.. ¢ #0 and {X1,..., X} C Valid, 1.

.....



in terms of the number of zero rows in X, we now account by X’s rank. Let hq,...,h; be a feasible
solution to level k, that is

Fi(hi) =20 Vi € [kl

k
1+ Epv(aL ey hi(M - X)) <0 VX € Validy, ;. \{0},
=1

where U(GL¢(FF)) is the uniform distribution on GLy(F,) and the value of (hq,..., k) is Vj, &

L+ i hi(0)-
We would like to put the information of this level-k solution in the top k levels of a level-£ solution

g, that is, we would like to put the information hq,..., A into gg_gi1,..., gs, respectively; we will

then set g1 def . def Go—k &t Furthermore, this needs to be organized so that the constraints

Fi(gi) = 0 follow directly from the constraints F;(h;) = 0. To do so, the solution is slightly permuted
around when compared to the previous cases.

FORCE

P as follows:

For each i € [k], we define a sequence of functions fi(l),

FO) defy FOE D Ly (X ) X e = 0] (t€ [¢/K]).

)

We will then argue that for every t € [¢/k], we have
Foan(f) =0 vielH,
k
143 Enrevaney (M- X)) <0 VX € Valid,, \{0} with tk(X) > € —t- k.
i=1
def

Consequently, letting g; 10 for eveery i € [ — k] and g; =
/k

W) for € —k+1<i <t we

obtain a feasible solution whose value is V,f

3.2 Spectral-based Construction of Dual Solutions

We describe now how we use spectral techniques to construct dual solutions for the hierarchy.
We start with an abstract description of the idea, then move to its realization in Delsarte’s case, and
finally to the way that we implement it in higher levels of the hierarchy. Throughout this section,
we refer only to the LP hierarchy (2) over Fy, of which level 1 is Delsarte’s LP.

We begin with the abstract construction, which is mostly inspired by [NS05], and presented
with more detail in [L122, Sam23a]. Although this abstract construction is relatively intuitive, fully
implementing it for the higher-order hierarchy is far from trivial as the reader will see in this paper.
One can form a feasible f: F5*™ — R by defining

def P(X) - I'?*(X)

f(X) —
¢-12(0)

)

where ¢,I": JFgX” — R are not identically zero, and satisfy

VX € Valid, ¢ \{0}, ¢(X) <0, r'>0, G« T >T.



The sign of f is governed by ¢, hence it fulfills the validity constraints. The Fourier constraints are met,
because, by the convolution theorem, f is up to positive constants equal to gb «D*T > 2" % T > 0.
An upper bound on the objective function is derived using Cauchy-Schwarz as follows

0 \Qné 0 _ /(\) :2nZ 0| |
F(0) < 2%6(0) - F1)0) ¢(0) Wl

One usually fixes ¢ as a low degree polynomial, and seeks a feasible I' so that ]supp(F)| is minimal.

The operator “2"% x —” of convolution by qb (up to renormalization) can be represented by a
FanXngn

=)
=N

cs .
< ¢(0) - [supp(I')].

=
T

matrix which we denote My € R , that is, we have

Myh =2"¢xh, (h: F5" - R).

Thus, finding I' becomes a spectral problem.

When ¢ = 1 and working with distance-d codes, ¢ can be as simple as the linear function
dMrrw () = 2(d — |z|), which is usually the case. The corresponding matrix is Mg, wpw =
A—(n—2d)I, where A is the adjacency matrix of the Hamming graph, A(z,y) = L[|z —y| = 1]. The
problem of finding an appropriate I' is well explored. It can be done through different techniques,
e.g., specific properties of Krawtchouk Polynomials [MRRW77], Perron-Frobenius Theorem [BN06],
or by taking advantage of the fact that the matrix A is highly symmetric [NS05].

As ¢ grows, however, the set Valid,, ¢ becomes increasingly complicated and cannot be captured
or closely approximated by a linear function. Constructing a satisfactory ¢ is a problem in itself,
which was first addressed in [LL22]. Finding a complementary I" was left by the authors of [LL22]
as an open problem. The methods used to find I' in Delsarte’s case £ = 1 are inapplicable here
due to the high-dimensionality of the problem, and the complicated structure of the corresponding
matrix Mg.

In the current work we solve this open problem for a variation of the suggested polynomial ¢,
which is valid for e-balanced linear codes. The polynomial, denoted ®,,, is defined in (20) and its
necessary properties are established in Lemma 6.5. We find an appropriate I' for ®,, which leads to
a feasible solution whose value is equivalent to MRRW, up to lower order terms.

Our strategy is as follows. First, we show (Lemma 6.6) that the matrix M,,, which corresponds
to the operator “2™®,, « —”, is a sum of terms of the form

2= (en)™
Y || fe 3 a2
uelU yeFh vEFS —k
(u,v)=1 <i,v):l

with non-negative coefficients. Here,

e A,, for every v € F\ {0}, is the adjacency matrix of a graph over the vertex set ngn, where
X,Y are adjacent if X is obtained from Y by adding v to one of its columns.

e m € N is even,
o 1<k<20—1,

° iGFg\{O},



e U CT\ {0}

Noting that for every i € %\ {0}, there exists at least one v € F§ with (i,v) = 1 and |v| =1, a
sufficient condition for M, -T' > T" is that

AT > (2% Tempy™ 4 1)T (6)

for every v € F§ with |v| =1 .

Solving for each A, individually is analogous to the £ = 1 case. It is less clear, however, how the
above methods can be employed to solve jointly for all A,. To this end we use the combinatorial
argument of [L1.23a], as follows. Let F' C F5*™ and let ['(X) = 1[X € F]. Consider the inequalities
in (6): if X € F5*™\ F, the right-hand side is zero, while the left-hand side is non-negative. Otherwise,
X € F and the left-hand side is the number of walks on the graph of A,, of length m, that start at
X and end in F.

It remains to choose a set F' with minimal size and at least 22¢~1e™n™ + 1 many returning
walks. The symmetry of the problem suggests to seek F' among the configuration sets, i.e., the
orbits of IFéX” with respect to the Sy-action. In Lemmas 6.3 and 6.4, we count the returning walks
for configurations. In Section 6.3, we choose configurations that lead to the desired result.

3.3 Completeness via Subspace Symmetric Dual LPs

We now provide an overview of some ingredients and ideas in the completeness proof from Sec-
tion 5. As mentioned above, this new proof will take place in the dual formulation of these
hierarchies, as opposed to the proof of [CJJ23], which takes place entirely in their primal formulation.
Consequently, this new proof will be useful in shedding new light on the structure of the dual.

Recall that our goal is to prove that the hierarchy (2) is exactly complete at level n: its optimum
is the maximum |C|¢ for C' € Valid,,, for every £ > n. Note that this will imply the same for the
stronger partial Fourier hierarchy of [LL23b] (see (4), (5) and (7)). Our starting point will be the
subspace symmetric formulation of these hierarchies from [CJJ23]. We recall this formulation later,
in (12), and provide its dual in (13), but we will not need their precise details in this high-level
overview.

The proof proceeds as follows. If the hierarchy is indeed complete at level ¢, then there exists a

dual solution whose value is ¢**, where k dof max{dimg, (C) | C € Valid, }. However, constructing
such a solution directly seems extremely hard. Instead, we consider a weaker hierarchy, by replacing
the set Valid,,, which depends on the code’s distance, with the set Validffmgk , which includes all
linear codes of dimension at most k. We observe that

Valid,, € Valid;,™<*, max{|C| | C € Valid,} = max{|C| | C € ValidZ™<*}

We then proceed to analyze this weaker hierarchy since it suffices to prove its completeness to deduce
that the original hierarchy is also complete. A key observation is that to obtain the desired tight
objective value ¢*¢ several LP variables are forced to be zero. This will simplify the structure of the
dual, leading to a recurrence relating the value of the remaining variables.

4 Lifting Dual Solutions

In this section we show that dual solutions lift. That is, from a solution h at a level k of value
Vi, we can construct a natural solution at any level ¢ divisible by k with value V,f/ " Let us point
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out that in terms of values, it was already known from [CJJ22, Corollary 6.6] that the value of the
hierarchy (1) at level ¢ was at most the ¢/kth power of its value at level k (provided k divides /);
the main contribution of this section is an explicit lift of dual solutions and the analogous result for
the partial Fourier hierarchy (4), which does not immediately follow from the results of [CJJ22].

4.1 Further Symmetrization of the Dual

Our first order of business is to use the GL(F;)-symmetry to simplify the dual program. We
start by recalling that the standard dual of the partial Fourier hierarchy of (4) is (7) below.

Variables: hyar: FyX™ — R (k € [(], M € GL(F,),8: F*" = R
min 1+ Z Fe,v (P, 1) (0)
kel
MeGLy(Fy) 7)
st 14> Fonr(hian)(X) + B(X) = B(=X) <0 VX € Valid, ¢ \{0} (Validity)
kel
MeGLy(Fy)
hiar(X) =0 VX € F" Wk € [(],VM € GLy(F,) (Non-negativity)

Remark 4.1. It will also be useful to think of hierarchy (2) as a special case of (7) above. For this, note
that every solution of (2) yields a solution of (7) with the same value by setting hy &ef 27 (G — 1)
and setting all other hy ar to zero. Conversely, if ((hgar)k,um, ) is a solution of (7) such that
hi v = O whenever (k, M) # (¢,1), then we can obtain a solution of (2) of better or equal value
by taking g ef (1+ ﬁu)/(l + 2™ hy 1(0)). Thus, hierarchy (2) is equivalent to (7) with the extra
constraints that hy py = 0 whenever (k, M) # (¢,1).

We will now symmetrize (7) and pass to the Fourier basis, proving that it is equivalent to (5).

Lemma 4.2. If ((hg )k, B) Is a solution of (7), then letting

Gk d:ef Z fk,M(hk,M) - M (k S [6])

MGGLE(Fq)

yields a solution of (5) with the same value.
Conversely, if (gx ) is a solution of (5), then letting

hionr & 7qkn
’ |GL(Fy)|
def

B =0,

“Fremlgr - M) (ke [f], M € GL(F,)),

yields a solution of (7) with the same value.

11



Proof. For the first direction, note that for X € Valid,, y (zero or not), we have

1
T (91 M)(X)
cLE) X
MEGLZ(]Fq)

\GLg Z > (Fen(en) - (N -M))(X)

0] M,NEeGL,(Fg)

_|GL¢1(IF,1)\' o1 X Fen(en) (M X)+B(M - X) - B(=M - X) |,

MeGLy(Fq) ke[l] NeGLy(Fy)

where the last equality follows by a change of variables and since the § contributions cancel out
when we sum over M.

Since Valid,, ¢ is GLy(Fy)-invariant, if X # 0, then the above is simply an average of the left-hand
side of the validity constraints in (7), so it must be non-positive.

On the other hand, if X = 0, then the first expression in the above is the objective value of (5)
and the last expression is the objective of (7) (as both the average over M goes away and the
contributions cancel out since M -0 = 0).

Finally, note that by (3), we have

Filge) = > FulFrar(huar) - M)

MEGL,(Fy)
= Y Fen(Fen(hen)) - M
MEGL[(]F(])
MEGL,(Fy)

Since hy ps > 0 for every M € GLy(F,), we conclude that Fj(gi) > 0.

We now prove the converse. Note that for X € Valid,, ¢ (zero or not), we have

1+ Y Fon(hea)(X) + B(X) - B(-X)

kell]
MeGLy(Fy)
kn
q
— 1+ . it (Frar (g - M))(X
ke% i) P Pl M)(X)
MGGL@(]FQ)
1
+ i g - M - Ry M)(X),
GLiEy) 2 MR
MeGLy(Fy)

where the second equality follows from (3).

Since Valid,, ¢ is GL¢(IF,)-invariant, if X # 0, then the above is non-positive as it is the left-hand
side of a validity constraint in (5).

On the other hand, if X = 0, then the first expression in the above is the objective value of (7)
(as the S contributions cancel out) and the last expression is the objective value of (5) (as the
average over M goes away in the latter since M - R,;l -0=0).
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Finally, note that (3) implies

kn
q -1 1 -1
bt = = Frem (g M) = e - Fie(gr) - M
|GL(F,)| |GLy(Fg)|
Since F(gx) = 0, we conclude that hy s > 0. |

Remark 4.3. Recalling from Remark 4.1 that hierarchy (2) is equivalent to (7) with the extra
constraints that hy s = 0 whenever (k, M) # (¢,1), an analogue of Lemma 4.2 shows that the dual
above is equivalent to (5) with the extra constraints that g = 0 for every k € [¢ — 1].

4.2 Basic Properties
We now prove some basic combinatorial properties about matrices over [F,.
Lemma 4.4. For a prime power q and £ € N, the group

def

GL(Fq) < {M € F*" | det(M) # 0}

has size exactly
(q — 1)4 ) q(ﬁ) wip

Proof. By iteratively counting how many columns preserve linear independence, we get

-1 L
GL(F)| = [Tta" = ") = (4= 1" -¢&) - TT1e — 7lg = (g = 1) - 41 - 1, m

7=0 7=0

|
—_

Definition 4.5. Let ¢ be a prime power, let s,t,4,n € N with s <t < ¢ <n and let X € ngn. We
define

def

M;’t(X) = {MeGL(F) | (M-X)1,. s =0A(M-X)y1..0=0}

When t = £, we will use the shorthand notation MJ(X) def M;’Z(X).
Furthermore, we define the marginal action of GLs(F,) on GL(F,) by

def (N 0
N-M_(O I

>.M (N € GLy(F,), M € GL(F,))

(on the right-hand side, the identity matrix is of order ¢ — s and the product is the usual matrix
product).

Lemma 4.6. Let ¢ be a prime power, let s,t,¢,n € N with s <t < { < n andlet X € IFgX". Then
the following hold.

i. The sets My (X) and M;"(X) are GL4(F,)-invariant.

ii. If M is picked uniformly at random in M(?’t(X), then the distribution of (M - X); 4 is
GL4(FF,)-invariant.
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iii. For z=s+/{—tandr d:efrk(X), we have

M) = IMEX)] = (= 1 4@ - (= 2)ng - (= 1)l

Proof. Ttem (i) follows since for every N € GL4(FF,) and every M € GL/(F,), we have

N0 M- X =0 <<= (M-X)1,.,=0,
0 I 1 s o

-----

((JST ?) ~M-X> =0 <<= (M- -X)i41,.¢=0.
t+1 V4

-----

For Item (ii), note that the distribution of M is GL4(IF,)-invariant. Thus, for every N € GLg(F,),
we have

N‘(M-X)l,...,s=<<](\][ ?)-M-X)l (M X

goooy

It remains to prove Item (iii).

The fact that |M;"(X)| = | M7 (X)] follows since there is a natural bijection between these sets
obtained by permuting rows s+ 1,...,z with rows t +1,...,¢.

Let us then compute the size of M7 (X). First note that for every N € GLy(F,), we have

M;(N-X)={M-N""| M e M;(X)},
so it suffices to show only the case when
Xl :615X2 :62a"'7XZ 2627XZ+1 :O,XZ+2 :07"',X£:0’

where e; € [y is the sth canonical basis vector.
By decomposing an element M € M7 (X) into blocks as

A B
v=(c b)
such that A € F;*", B € ng(n_r), Ce Fg_z)w and D € ]Fff_z)x(n_r), we note that we must have

A =0, so we can count the elements of M (X)) by iteratively counting how many columns preserve
linear independence to get

r—1 -1
M) = [ [T =) | Tl =) = (a=1)"a& - (0= 2)g - (¢~ 1)1,
7=0 j=r
as desired. [
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4.3 The Lifts

We now have all the ingredients to lift dual solutions. We start with a warm-up by lifting
solutions from level 1 to level £. The bold reader should feel free to skip directly to Theorem 4.9.

Proposition 4.7. Let g be a prime power. If h is a solution of (5) with ¢ =1, then for every ¢ € [n],
letting

def def def def def i
G ERE g =0, 9(X) = E (1+R(0)" - h(X1) - 1[Xys1,. 0 = O]
tel)

gives a solution of (5) whose objective value is the {th power of the objective value of h, i.e., we have

1+ ga(0) = (14 h(0))".

u€el(l]

Proof. Clearly F,(gy) = 0 for every u € [¢ — 1]. Also, for every X € FéX”, we have

Felge)(X) = (1 + n(0))"" (X)) - 1[Xo, = 0] - 2770,
te(l)

which is non-negative as h = Fi(h) = 0.

Let us now show the validity constraints. Let X € Valid \{0} and let r o rk(X). We need to

show that

|GL£ Z > (gu- M)(X) <0,

() MEGL(F,)
which is equivalent to
1
2(1 + h(0)) - TGLF Z h((M - X)1) - L[(M - X)p41,.0 = 0] < -1,
teld] |GL(Fy )| MEGLy(Fy)
q

which in turn is equivalent to

Z(l + h(0))"- Enr~v L)) h(M - X)1) - L[(M - X)g11,.0 = 0]] < -1, (8)
tell]

where U(GLy(FF,)) is the uniform distribution on GLy(F,).
To prove the above, fix ¢t € [¢] and let us study the expression h((M - X)1)-1[(M - X )41, ¢ = 0].
First, recalling Definition 4.5, we partition GLy(F,) into the sets

MM (X), MY (X)\ MP(X), GLy(F,) \ MO*(X),
which by Lemmas 4.4 and 4.6 have sizes
(g1 q(&) - (t = 1)y (€ =)y,
(¢—1)" &) (g = (t = Dg) - (£ =)l (9)
(4= 1" 4 - (Org — O)ng) - (€ =)y,
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respectively.

Note that 1[(M - X)¢11,.. ¢ = 0] only takes non-zero values when M is in one of the first two
sets.

Clearly, if we condition on M € M,""(X), then (M - X); = 0.

On the other hand, by Items (i) and (ii) of Lemma 4.6, we know that the conditional distribution
of (M - X); given M € MJ"(X)\ My"'(X) is GL{(F ¢)-invariant. In particular, this implies that
if N ~ U(GL1(FF;)) is independent from M, then the conditional distributions of (M - X); and
N - (M - X); given M € M'(X)\ Mj"(X) are the same. Finally, since X € Valid \{0}, we
know that when we condition on M € M{"(X)\ M,"(X), then (M - X); is always an element of
Valid \{0}. Thus we conclude that

mlP((M - X)1) - 1[(M - X)p41,..0=0] | M € Ml’t(X)} = h(0),
= [ N[A(N - (M - X) )]IMGMSt(X)\Mql’t(X)K—L
Ent[h((M - X)) L[(M - X)es1,...0 = 0| M € GL(Fy) \ Mg (X)] =0,

where the inequality follows from the validity constraints for h.
Thus, we get

My (X)] - h(0) = [MP(X) \ My'(X
Enrev(cren)[(M - X)1 - 1[(M - X)gy1, 0= 0]] < My CO1 M \)GLL(IFq)’F = Wl

_ (t — l)r,q ) (1 + h<0)) - (t)r,q
(O)rq ’

where the equality follows from Lemma 4.4 and (9).
Recalling that our goal is to show (8), we note that

>+ 0(0) " Enpar (Lo, (M - X)1 - L[(M - X)g41,...0 = 0]]

te[(]
< (6)1 DL+ hO) T (= Vg - (14 7(0)) = (B)rg)
"9 yele)
_ 4RO Oy = Org _

where the first equality follows since the sum telescopes. Thus, g is a feasible solution.
It remains to compute the value of g. Note that

1+ ) gu(0) =1+ > (1+h(0)" - h(0)

u€el[l] tel(]
=14 (L+h(0)" - ((1+h(0) — 1) = (1+ h(0))",
te(l]
where the last equality follows since the sum telescopes. |

Remark 4.8. Note that since the lift in Proposition 4.7 sets all g, with u < £ to 0, it follows that
this is also a lift of the dual of the full Fourier hierarchy (see Remark 4.3).
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We now prove the more general lift from level k to level £ under the assumption that k divides .
We point out that when we take £ = 1 in Theorem 4.9 below, we recover Proposition 4.7, except for
the fact that the constructed solution has coordinates slightly permuted so that it is appropriately
compatible with the partial Fourier.

Theorem 4.9. Let q be a prime power and k € Ny. If h is a solution of (5) with £ = k and objective
value Vi, €1 + >_uepk Tu(0), then for every € € [n] divisible by k, letting

0, ifu<t—k,

gu(X) LR
L(X) 2
E Vit hay—tre(Xo—p1,..0) - 1[X1,. e = 0], otherwise,

gives a solution of (5) whose objective value is the (£/k)th power of the objective value of h, i.e., we
have

t/k

1+ 3 0.0 =V, = [ 14+ Y ha(0)

well) u€[k]
Proof. Clearly Fy(gy) = 0 for every u € [¢ — k|. Also, for every X € }Ff;xn, we have

k-1
Z Vir - Fu—erk(hu—en(Xe-ksn,0)) - UXpagr,omr = 0] - 2774,

which is non-negative as F,(hy) > 0 for every u € [k].

Let us now show the validity constraints. Let X € Valid \{0} and let r &t rk(X). We need to
show that

+m'2(gu-M)(X) <0,

which is equivalent to

Sy GL(}(M ST k(M X pn, ) 1M - X)1 gy = 0] < —1.

MEGL,(F,)

By permuting the rows of the resulting matrix in the expression above, we see that the above is
equivalent to

0/k—1

Z Vi Enrevcro@y ha(M - X)1, ) - (M - X)—prg,...0 = 0] < -1, (10)
u€lk]

where U(GLy(FF,)) is the uniform distribution on GLy(F,).
To prove the above, fix t € {0,...,¢/k — 1} and let us study the expression

D ha((M - X k) - (M - X)pgegr,..e = 0],
u€(k]
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where M ~ U(GLy(F,)).
First, recalling Definition 4.5, we partition GLy(F,) into the sets

MEH(X), MPEH(X) \ M), GLy(Fy) \ MO (X),

which by Lemmas 4.4 and 4.6 have sizes

(g— 1) ql) - (=Rt +1))rg - (€= 1)y,
(g = 1) g (0= kt)rg — (€= k(E+1))0g) - (€= 1)Ly, (11)
(0= 1) @) - (O)rg = (E=kO))rg) - (£ =7)lg,

respectively.

Note that 1[(M - X)¢_gi+1,..¢ = 0] only takes non-zero values when M is in one of the first two
sets.

Clearly, if we condition on M € My " (X)), then (M - X),__j = 0.

On the other hand, by Items (i) and (ii) of Lemma 4.6, we know that the conditional distribution
of (M -X);,  given M € Mg’f_kt(X) \ Mf’e_kt(X) is GLy(Fg)-invariant. In particular, this
implies that if N ~ U(GLg(F,)) is independent from M, then the conditional distributions of
(M-X) . rand N-(M-X); _given M € Mg’z_kt(X) \ M(f’f_kt(X) are the same. Finally,
since X € Valid \{0}, we know that when we condition on M € Mg’g_kt(X) \ Mf’g_kt(X), then
(M - X)1, i is always an element of Valid \{0}. Thus we conclude that

-----

where the inequality follows from the validity constraints for h.
Thus, we get

Z Enr~v (L)) ha (M - X)1, ) - L(M - X)p—gt41,...0 = O]

u€lk]
MR O] (Vi — 1) = [MPHO0\ MEH(x)
|GL¢(Fq)|
(= k(D) Vi~ (= Kt)rg

(Org

where the equality follows from Lemma 4.4 and (11).

18



Recalling that our goal is to show (8), we note that

0/k—1
Z Vi Enrevan @) Pu((M - X1 ) - 1M - X) ¢ gir1,.0 = 0]
u€|k]
0/k—1
e >V ((E= R+ 1)) gVi = (£ Kt)rg)
Ora t=0
— Vif/k (O)rg = (O)rg -1
(Org ’

where the first equality follows since the sum telescopes. Thus, g is a feasible solution.
It remains to compute the value of g. Note that

0/k—1 t/k—1
L]k
1+ Y gu(0 _1+th Z hu—esk(0) =1+ > ViV —1) =V,
u€ell] u=0—k+1 t=0
where the last equality follows since the sum telescopes. |

5 Completeness via Subspace Symmetric Dual LPs

We will now give a new proof that the hierarchy is complete, i.e., it recovers the true size of a
code at level ¢ > n. For this proof, we recall yet another formulation of the hierarchy from [CJJ23].

Instead of symmetrizing (1) under the action of Sy, we recall that GL,(FF,) also acts on Ff;x" by
left-multiplication and observe that (1) is also GLy(F,)-symmetric. Inspired by terminology from
Sum-of-Squares algorithms, given a GL;(IF,)-symmetric solution f, for each S € Ly, (IFy), we define
the notation

P[S € C] ¥ f(X)

for any X € Fem with span({X1,...,Xy}) = S and interpret this as a pseudo-probability that a

pseudo random variable C' over Ly, (F") contains S. Computing the pseudo-probabilities IP’[S] def

P[S = C] amounts to a Mobius inversion on the poset Ly, (Fy) under the inclusion partial order. At

levels £ > n and when Valid,, is closed under taking subspaces*, this yields the formulation in (12),

whose dual is (13); a code C € Valid,, yields a solution P¢[S] ot L[S = C] of (12), whose value is

|C|¢. The first completeness at levels ¢ > n of [CJJ23] was based on the primal formulation (12)
and crucially relied on the fact that non-negative solutions to (12) are convex combinations of true
solutions.

41t is possible to make this Mébius inversion at lower levels and without the closure under subspaces assumption,
but it yields more complicated constraints. Since our completeness result will only hold for levels £ > n anyway, we
opt for the simpler formulation instead.
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Variables: (P[S] | S € Ly, (F2))
max > 1SIPLS]
SeLg, (F2)
s.t. Z P[S] =1 (Normalization)
S€Lg, (F2)
P[S] = 0 VS € Ly, (F?) \ Valid, (Validity) (12)
Z IS|'P[S] =0 VU e Ly, (Fy) (Downward sums)
SeLg, (F7)
SCU
Z P[S] >0 YU € Ly, (Fy) (Upward sums)
S€Lg, (F2)
Ucs
Variables: a € R, 3,7: Ly, (Fy) = R
min «
st. a=|S"+ S| Z B(T) + Z’y(T) VS € Valid,,  (Equality to objective)
TelLg, (F?) TeLg, (F7) (13)
S<T T<S
B(S) =0 VS € Ly, (Fy) (B non-negativity)
~v(S) =0 VS € Ly, (Fy) (v non-negativity)

It will also be convienient to define for every k£ € N the set
Validd™<k € (5 ¢ L (F?) | dimg, (S) < k.

It is clear that for any Valid,, C Ly, (Fy) non-empty, if k ot max{dimg,(S) | S € Valid, }, then

Valid,, C Valid™<¥ We will show completeness of (13) for valid sets of the form Validd™<F (k ¢ N)
and leverage this to show completeness for arbitrary non-empty valid sets Valid,, C Ly, (Fy) that
are closed under taking subspaces. We start with the following key observation.
Key observation: With valid set Valid‘,ilimgk , at completeness levels (i.e., £ > n), we must have
a = ¢*, and, for the dual to achieve this optimum value, many variables 3(S) and ~(S) will
need to be zero. This will greatly simplify the dual LP allowing us to establish a recurrence to
determine bounds on the remaining variables proving that they can be taken to be nonnegative
thereby implying the feasibility of the solution.

Theorem 5.1 (Exact Completeness from the Dual). For every ¢ > n and every Valid, C Ly, (Fy)
non-empty and closed under taking subspaces, the optimum value of (13) is q', where

k €' max{dimg, () | § € Valid, }.

Proof. Let us make the key observation above formal. First note that since Valid,, C Validgimgk ,
it follows that (13) with Valid,, has less constraints than the same program with Validd™m<s* g0 it
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suffices to produce a feasible solution for (13) with Valids™<* whose value is a & q"*. Since for

every S € Ly, (Fy) with dimp, (S) = k we have

a=¢*=I5"+[s]" > BO+ Y AT

T€Lg, (F}) T€Lg, (F;)
scT TCS
=[F*+F* Y M+ D AT
T€Ly, (F7) TeLr, (Fy)
scT TCS

and both 8 and v must be non-negative, we must have 3(7') = 0 whenever dimg, (7) > k and
7(T) = 0 whenever dimg, (T) < k.

Let us in fact set y(7') = 0 for every T' € Ly, (Fy). For 3, it will be convenient (and sufficient) to
consider 5(T) = Ediqu (1), namely, these variables will only depend on the dimension. Then for a
space S € Ly, (FZ) of dimension s, the equality to objective constraint reads

a=d* =15 15 Y Y B
i=dimg, (S) T€Lg, (F7)

SCT
dimg, (T)=i

k—1
=q" +q¢" Z Z EZ (Since B} = 0 whenever i > k.)
1=s TEL]Fq (]Fg)

SCT

k—1
_Us ls n-—s a
=q¢"+q*) (z’—g)f“

=5

Thus, to satisfy all equality to objective constraints, the following recurrence must hold for every
s€{0,....k—1}

k—1
~ _ n—s ~
By = g'* s>_1_'2 <i—s> B;. (14)
1=s+1 q
Our objective is then to prove by reverse induction in s € {0,...,k — 1} that defining B by (14)
above yields 5 > 0 for every s € {0,...,k —1}.

First note that (14) for s = k — 1 yields 8,1 = qf —1 > 0. Suppose now that s € {0,...,k — 2}
and note that using (14) for Ss41 in its version for (s, we get

~ 0(k—s) i Gy n—s (k—s—1) S n—s—1)
Bs=4q —1—‘_22 <i—s>q&_< . >q<q —1—'_22 (i_3_1>q5z‘>
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where the inequality follows since

1- [ _Es]q >1- q"fsfg >0 (since £ > n),
q
[n—slg—1>0 (since s < k—2 < n),
—s—1 — —
[n—s]q<?_5_1> —<?_5>q:(?_5)(1([@'—3}(]—1)20 (for every ¢ > s + 2),

and since inductively we have f3; > 0 for every i > s + 2.
Thus, we conclude that setting

def def 7~ def
o= qZka 5( ) = Bdlmp;q (T)> V(T) = 0,
(where B, is given recursively by (14) for s €{0,...,k— 1} and is zero when s > k) yields a feasible
solution of (13) (for both Valid,, and Validdmsk) Whose value is ¢**. n

6 Spectral-based Dual solutions for Balanced codes

In this section, we construct a spectral-based solution at level £ for e-balanced codes over Fa
whose values are comparable with the MRRW solution. The set of (linear) e-balanced codes (over
[F% ) is defined as

Valid;, © {C € Le,(F3) | va € 0\ {0}, (1 - )5 < Jal < (1+2)5) },

so we have

Valids, , = {X c Foxm

Vu € F, (uX £0 - ((1—5)2 < JuX| < (1%)%))}.

We recall that for an e-balanced code, the MRRW bound on the rate is of the form

1+;(1)€2 lgé +0. (lg(nn)) (15)

as n — oo and € — 0 (in the above, the error term O, (1g(n)/n) hides multiplicative factors dependent
on g, but the error term o(1) only hides multiplicative factors that do not depend on n nor on ¢).
We will retrieve this bound on every constant level of the hierarchy. However, we point out right
away that the error terms hidden are slightly worse than the MRRW bound and get worse as the
level increases.

Recall that the LP (2) is symmetric under the action of Sy, and so is the solution we construct.
Namely, it is constant on the orbits ngn /Sn. As it turns out, Sp-orbits can be characterized in
terms of configurations, defined below in (16). In Section 6.1 we develop the language and tools
necessary to work with symmetric functions.

In Section 6.2 we construct a family of feasible solutions of the form®

)deffll( ) - A%(X)
(@ + A% A)(0)

~

5In Section 3, we used the notation I' which relates to A by I' = A, up to a positive multiplicative factor.

X
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where ®,, is non-positive on X € Valid;, ,, and A(X) & 1[config, ,(X) = h] for some h € Config, ,.

The definition of ®,, is given in (20), and its necessary properties in Lemma 6.6. It can be
viewed, informally, as the product of 2¢ — 1 cylinders in RF3\{0} (see Figs. 1 to 6). Each cylinder is
negative on the inside and positive on the outside. The cylinders are centered and rotated so that
every X € Valid;, , is inside an odd number of cylinders, and hence ®,,(X) < 0.

In Theorem 6.7 we prove that the construction yields a feasible solution, given that A satisfies
certain conditions. The theorem also provides an upper bound on the objective value attained by
this construction, and hence on |C|* for C € Valid,,.

Finally, in Section 6.3 we find a satisfactory A by choosing a configuration h € Config, ,, and
showing that it satisfies Theorem 6.7 and gives the correct value.

6.1 Basic definitions and properties

This section is dedicated to basic definitions and properties working up to Lemma 6.4, which
provides an easier formula for the action of powers of the matrix A, defined below.

For X € Ff;xn, the (Venn diagram) configuration of X is the function config,, ,(X): Fg — N
given by letting for each u € IFg

config,, ,(X)(u) < [{k € [n] | V] € [0], X1 = uj}]

be the number of columns of X that are equal to u. It is straightforward to check that two elements
X and Y of ngn are in the same Sy-orbit if and only if config, ,(X) = config, ,(Y'). The set of all
configurations is denoted by

Config,, , def conﬁgnyf(ngn) ={g: Iﬁ‘g — N | Z g(u) =n}. (16)
u€eFy

It will be convenient to use the set

def

NConfigy € { G: F§ > Ry | > G(v) =1

0
velFy

of normalized Venn diagram configurations over Fy (note that we can naturally interpret elements
of NConfig, as probability distributions on F5).

For h € Config,, ,, we let Ay, € RF2"XF" and Ly € RF2" be given by
An(e,y) € fconfig, (z —y) = ], Ly(z) & 2"1[config, (z) = h],
and note that
ApA = Ly % A.
For every u € F§ \ {0}, define h, € Config, , by

1, if u=wv,
hy(v) dof n—1, ifu=0,
0, otherwise,

and define the shorthand notations A, def Ap,, and L, def Ly, .
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|21 + 22| |z1 + x|

Figure 1: Different projections of the space of all possible Hamming weight combinations when
¢ = 2 (the picture rescales n out). Three of the six edges of the tetrahedron are contained on the
coordinate planes. The top left projection is isometric.
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Figure 2: Different projections of Validy, , (in Hamming weight coordinates) with € = 0.2 (the picture
rescales n out) when ¢ = 2. The region Valid,, . consists of the origin, the three line segments on
the coordinate planes and the cube (with interior) in the middle. The cube faces are paralel to the
coordinate planes. The top left projection is isometric.
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Figure 3: Different projections of Valid;, , (in Hamming weight coordinates) with ¢ = 0.2 (the
picture rescales n out) and the cylinders when ¢ = 2. The region Valid,, . consists of the origin,
the three line segments on the coordinate planes and the cube (with interior) in the middle. The
vertices of the cube are precisely the points in which all three cylinder surfaces intersect. The cube
faces and cylinder bases are parallel to the coordinate plane. The top left projection is isometric.
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X\ Xy 1
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Figure 4: Different projections of the space of all possible Venn diagram configurations when £ = 2
(the picture rescales n out). Three of the tetrahedron faces are on coordinate planes. The top left
projection is isometric.
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|X1ﬂX2| |X1ﬂX2|

n n
1
1
0.5
0.25 0.5
AT 0.250-
0.25 <> 0.25
0.5 0.5
1 1
| X1\ Xo [ X2\ Xy
n n
|X1 ﬂX2| n
n 1 2
1
| X1\ Xo| 0.5 ﬂ
" 0.5 0.25
0.25
0.25
0.5 "
1
| X2\ X1 | X1\ X
n n

Figure 5: Different projections of Validy, , in Venn diagram configuration space with ¢ = 0.2 (the

picture rescales n out) when ¢ = 2. Here X; def supp(x;). The region Valid, . consists of the origin,
the three line segments on the coordinate axes and the cube (with interior) in the middle. None of
the cube faces are parallel to the coordinate planes. The top left projection is isometric. On the top
right and bottom left projections, two of the cube faces are parallel to the projection plane.
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n n
1
1
| X2\ X1
1 n
0.5
0
0.250.25
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-
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Figure 6: Different projections of Validy, , (in Venn diagram configuration) with & = 0.2 (the picture

rescales n out) and the cylinders when ¢ = 2. Here X; def supp(x;). The region Valid,, . consists of
the origin, the three line segments on the coordinate axes and the cube (with interior) in the middle.
The vertices of the cube are precisely the points in which all three cylinder surfaces intersect. None
of the cube faces or cylinder bases are parallel to the coordinate planes and none of the cylinder
axes are parallel to any coordinate axes. The top left projection is isometric. On the top right and
bottom left projections, two of the cube faces are parallel to the projection plane and two of the
slanted cylinders have their bases appearing degenerate due to the projection and the other has its
axis orthogonal to the projection.
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Lemma 6.1. For {,n € Ny and g € Config, ,, we have

_ n
config } ()| = (g).

In particular, if G € NConfig, is such that G(u) > 0 for every u € F§ and n- G € Config,, ,, then
; Cr) D
|conﬁgn1(n-G)|:(1+0(1)). Y9G
! [Tycxs G()

as n — oo with ¢ fixed, where Hy(G) is the binary entropy of G (as a probability distribution over
)

Proof. By definition, every X € conﬁg;;(g) must be such that for every u € %, exactly g(u) of the
n columns of X must be equal to u. Thus, we conclude that

n n!
lconfig; }(g)] = ( ) SR
£ g HuGFé g(U)'

Finally, if G € NConfig, is such that G(u) > 0 for every u € F§ and n -G € Config,, ,, then

config L(n - = " — 0 . (27”?)(172@) ) 1
|config,, ,(n - G) (n . G) (1+0(1)) [ocrs G0) Moo G(a) G

(1-29)
= (1+0(1))- M . 9H2(G)n

[Tcrs G ) ’
where the second equality follows from Stirling’s Approximation. |
Lemma 6.2. Let g, h € Config, , and let
Fon EFFyxFy N | S Flu,—)=gA Y F(—w)=hy. (17)
u€cF§ veF]

Then the following hold for Y € config;, }(g).

i. For every X € conﬁg;%(h), let Fx: F5 x F§ — N be given by letting

Fx(u,v) E [{k € [n] | Vj € [0, (Xjr = uj A Y = v)}] (18)

be the number of indices k € [n] such that the kth column of X is u and the kth column of Y
isv. Then Fx € Fgp.

ii. For F' € Fyp,, we have

{X € config, }(h) | Fx = F}| = [] <Fg(v) )>’

ve]Fé (_’ v

where Fx is given by (18).
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Proof. Ttem (i) follows since for every v € F§, we have

Y Fx(uv) = [{k € [n] | Vj € [£], Yji = v;}| = config, ,(Y)(v) = g(v)

ue]Fé

and for every u € IFS, we have

Y Folu,v) = |{k € [n] | Vj € [0, Xji, = u;}| = config, ,(X)(u) = h(u).
veF

For Item (ii), we note that to count the number of X € conﬁg;;(h) with F'x = F', we consider
[n] partitioned naturally into 2¢ parts indexed by v € F§ as

P, (ke n] | V)€ [0, Y = v}

and note that to get Fy = F for each u € F5, we must have exactly F(u,v) elements of P, in
{k € nl|Vjell],(Xjx = uj AYje = vj)},

since the above are pairwise disjoint and |P,| = g(v), we conclude that the number of such choices
amounts to the multinomial
9(v)
F (_7 v)

(recall that Zung F(u,v) = g(v), so the multinomial above is non-zero). Since all such choices are

independent for the different v € F, we conclude that
¢ e conig, 300y | 75 = 7 = IT ().
veF
as desired. m

Lemma 6.3. Let ¥: Config, , — R, let ¢ C]‘l:ef\Ifoconﬁgn?g, let g, h € Config, , and let Y € config }(g).
Then

(V)= > |1 ( )\If<9+ Ap),

FeFyn wEFZ

where Fg 5, is given by (17) and

Apw) B ST (Fu,u+v) — Fu,v)).
ung
Proof. First note that
App(Y) = Yoo W)= > p(X+Y).

ZERY™ X econfig;, , (h)
config,, ,(Z-Y)=h
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We now split the sum above based on the joint configuration of X and Y, that is, for X €
config), }(h), we let Fy: F x F§ — N be given by (18), i.e., we have

Fx(u,0) € [{k € [n] | Vj € [{], (Xj1 = uj A Y = 03)}.

Note that sets in the above partition [n] naturally into 2¢ x 2¢ parts indexed by (u,v) € F§ x F%.
Recalling that config, ,(Y') = g, we note that

config, (X +Y)(v) = [{k € [n] [ Vj € [£], (X + ) = v;}|
= > ke | Vel (Xjn=uj AV =u; +v;)}]
uE]Fg

= 9(v) + Ar(v),
where the last equality follows since Zung F(u,v) = g(v). [

Lemma 6.4. Let v € T4\ {0} and gy € Config, , be such that for every u € %, if go(u) # 0, then

go(u) = Q(n). Let also A def 4

Then

) and X € conﬁg;’;(gg).

confi g;le (90

ATAX) = Y C’;) IT 90w + o(n™),

Fefm,'u UE]F%

as n — oo with m and { fixed, where

def

Fpw = F:F5 - N ZF(u):m/\Vung,F(u—Fv):F(u) . (19)

Y
u€lfy

Proof. Applying Lemma 6.3 for the particular case when h = h,, every I’ € Fg} is of the form
F = F, for some t € FY, where

1, if u=v and w =t,

o t)—1, ifu=0and w=t,
oy 90 =1 T u=0and

g(w), ifu=0andw#t,

0, otherwise.
Furthermore, note that we have Ap, = 14,44 — 14 and
g(w) )
II ( = g(t).
F(—
wE]Fé t( 7w)

Thus we have

A (V) = g0 ¥(g+ Lippsy — Ly

’4
teFL
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and with a simple induction, we have

APy = > | [ oi-1t) | ®lgem),

teTm(g) \J=1

where
-1

.

def
gtj = 9+ ) (Lipgey — Ligd)s
1

B
Il

def o
To(g) = {t € (F)™|Vj € m], g1 € Config,, 4, g1j-1(t;) # 0}.

For our particular case, we have ¢y = A =1 (90) and U = 1,y and since m is constant

conﬁg;l(Z go
and for every u € FY, if go(u) # 0, then go(u) = Q(n), it follows that for n sufficiently large, we
have Ty,(go) = (F5)™ and for every t € (F5)™, j € [m] and u € F§, we have (go)s;(u) = go(u) + o(n).
Thus, since X € config), ;(go), we have

App) = > (I oot) | ¥((g0)em) +o(n™),

te(Fs)™
where the error term follows since both m and ¢ are constants. Thus, we get

ATAX) =) H go(t nm),

teT j=1

where
def
T < {t € (F)™ | (90)t;m = g0}
def

For each t € T, let us define a function F;: F§ — N by Fy(u) = [t~'(u)|. Note that we must
have Zung F;(u) = m and since (go)t,m = go, we must have

> F(uw)(Ljpgay — Tguy) =0
u€eF,
which is equivalent to
Vu € FS, Fy(u+v) = Fy(u).
It is straightforward to check that for F, , as in (19), we have {F}; |t € T'} = F,,,, and that for

each I' € Fp, ., we have

{teT|F =F} = <ZZ)

Thus, we get

ATA(X) = Z < >Hgo YE® 1 o(nm),

Fefm,v UE]FE

as desired. [ |
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6.2 The key functions and matrices

In this section, we provide an abstract way of constructing dual solutions (Theorem 6.7). We
refer the reader to Section 3.2 for an informal description.
Given £,n € Ny and ¢ € (0,1), for every m € N and every u € %\ {0}, we let

def

Smu(X) = D ((n =200 X" = (en)™),
veIFg
(u,v)=1

Bm,u d:ef Z (Avm — (sn)mI),

veIFg
(u,v)=1
def
where (u,v) = ;i usv;-
We also define
S T mas My = ] B (20)
ueF5\{0} u€lF;\{0}

Note that these definitions ensure that

2P, x A = My, A (21)

for every A: F5*™ — R.

Lemma 6.5. For every u € F§ \ {0}, every X € Valid;, , and every m even such that

{—1
m)m, (22)

where 1g def log, is the binary log, the following hold.
i. If there exists v € F§ with (u,v) = 1 and vX = 0, then ¢, ,(X) > 0.
ii. IfvX # 0 for every v € F§ with (u,v) = 1, then ¢, ,(X) < 0.
iii. If X # 0, then ®,,(X) < 0.
iv. We have
D,,(0) = (271 (1 — e™)nm)2 1.
Proof. For Item (i), note that since m is even and (u,v) = 1, we have

Gmu(X) = Z ((n =2 X|)™ — (5n)m) > (n—2lvX|)™ — ot=1. (en)™
v’e]Fg
(u,0')=1

>nm— 21, (en)™ >0,

where the last inequality follows from (22).
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For Item (ii), note that since X € Valid;, , and

Smu(X) = D ((n=2'X)™ = (en)™),
v’ €FY
(u,0')=1
each n — 2|v'X| in the above is between —en and en, so since m is even, we get ¢, (X) < 0.

For Ttem (iii), let V' &t

we have V # F§.
Note now the following chain of equivalences

{v € F§ | vX = 0}. Clearly V is a linear subspace of F§ and since X # 0,

weVt <= YwelF5, (vX =0— (v,u) =0) < YoeFs ((v,u) =1—vX #0),

so by Ttem (ii), we get ¢, (X) < 0 for every u € V- \ {0}.

On the other hand, note that if u € Fg \ V+, then the equivalence above implies that there exists
v € FY with (v,u) =1 and vX = 0, so Item (i) implies ¢, ,(X) = 0.

Since V # F5, we have V+ # {0}, so [V \ {0}] is odd, hence ®,,,(X) < 0 as it is a product of

an odd number of non-positive factors and some non-negative factors.

Finally, Item (iv) follows by direct calculation. |

We now compute an alternative formula for M,,.

Lemma 6.6. We have

m m —1— 1 m 26_1'( )m
M= N L3 A e g 3 =S | )

SCF5\{0} €5 | ueS\{i} wveF,
|S| odd (u,v):l (i,0)=1

Proof. Let

d_ef{ [E‘ \ {0} — Fé | Yu € Fg \ {0}7 (u,v(u)> = 1}’
0_q_ Avmi n)™
ot 5 511 ) (B 2)

SCF5\{0} €5 \ueS\{i}
|S] odd

We will first show that My, = >y M.
Note that

Mp= J[ Buu= [] D, Ar—-(mn=> ][ ¢ en)™I).

ueF5\{0} u€F{\{0} <vel>Ff X veV ueIFf\{o}

Our objective is then to show that the inner product in the above is equal to M,,,. To prove this,
note that

u€F\{0} SCF5\{0} \ueS
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We now group the terms in the sum above as follows: we sum over only S C F\ {0} such that
|S| is odd and we redistribute the terms with |S| even equally among S U {i} where ¢ ranges in
F\ ({0} U S). With this redistribution, we have

[T ¥, —Enmn

ueF5\ {0}
: 1 :
- ¥ ((H Azzu)> (eI Y g ( I1 AZ}U)) <<en)m>2"s)
S|gI|F§\{0} ues i€S ueS\{i}
S| odd

A m
_ m m(26—1—|8 (i) (E’I’L)
= > Z( I1 Av(u)) (en)™ )< S| _ze_sy>
SCEQ\{0} €5 \ues\(i}
|S| odd

= My v,

so we conclude that M, = >
Finally, note that

My, = Z Mm,v
veV

vev Mm,v-

m

0 q_ ATl en)™
-3 S S (T e ()

veV SCFL\{0} i€S \ueS\{i}
S| odd

_ m m(2¢—1—|8 A’Um (En)m

- Y S| I X ar] e ¥ (18- 57
SCF4\{0} €S | ueS\{i} veF§ veF4
|S| odd (u,w)=1 (i,0)=1

m m(2t—1—|S 1 m 21 (En)m
:ZZ H ZAv - (en)™ 1S1) 7'2Av_7’

20 _
SCFEV[0) 15 | ueS\(i} ver 51 o 51
|S| odd (u,w)=1 (i,0)=1

so (23) follows. [

Theorem 6.7. Let {,m € Ny with m even such that
‘-1
m > , 24
Ig(1/5 2y

def . .
where lg = log, is the binary log.
Suppose further G € NConfig, is such that G(u) > 0 for every u € F§.

Let further n € N and suppose that n-G(u) € N for every u € F§ and that for A defy

conﬁgg}z(n-G)
and every i € T4\ {0}, there exists v € F with (i,v) = 1 and

ATA > (226 Temp™ 4 1A, (25)
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Finally, let

F(0)
where ®,,, is given by (20).
Then f is a feasible solution of (2) with
lg £(O 1

as n — oo with ¢ fixed.

Proof. Tt is clear that f( 0) =

On the other hand, if X € Vahde ¢ \{0}, then by Lemma 6.5, we have ®,,(X) < 0, so we get
#(X) <0,

For the Fourier constraints, by (21), we have

f b, *A*A My A x A
F(O) 2”€F(0)

Since A > 0, to show that f , it suffices to show that M,,A >0
By Lemma 6.6, we have

m ey m e (en)
Z Z H Z A" sn m(2°—1—|9)) Z AT W

SCFi\{0} “€S | ueS\{i} veF vEFS
|S| odd <u,v>:1 (i,v)=1

and from the factoring above, it suffices to show that for every S C F%\ {0} with |S| odd and every
1 € 5, we have

1 201 (en)™

i > ATA> WA.
veF
(i,v)=1

Since 1 < |S| < 2¢ — 1, it suffices to then show that

1

T > APA =2 (en)™A,

veEF

(i,v)=1

which follows directly from our assumption (25) (and the fact that all entries of A]" and A are
non-negative). Note that since we have an extra 1 in (25), the argument above in fact implies

M, A > poly(n)A. (27)
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It remains to show (26). By Lemma 6.1 and Item (iv), we have

\conﬁg;%(n -G)]
271[

2
F(0) = ®,,(0) - ]\(0)2 = (211 - Em)nm)gé_l . < > — poly(n) - 22(H2(@)=0n.

On the other hand, we have

_ _ (MiA+A)(0) _ poly(n)

F(0) = (@ # A x A)(0) ot Z ot (A % A)(0) = poly(n) - 2(2(G)=20n

where the inequality follows from (27) and the last equality follows from Lemma 6.1. Thus, we get
1 0 1

as desired. m

6.3 Finding Good Configurations

Theorem 6.7 leaves open only one question: which normalized configurations G are such that
the corresponding function A satisfies (25) while having small binary entropy Hs(G) so as to yield
a good value to (2)? In this section, we will see that two kinds of normalized configurations can
attain same rates as MRRW (see (15)) up to lower order terms via Theorem 6.7.

Definition 6.8. Given ¢ € Ny and 7 € [0,1/¢], the T-vertex uniform normalized configuration (at
level £) is defined as G vertex-unit € NConfig, given by

(1—47), ifu=0,
def .
GT-Vertex—unif(u) = T, if |u| =1,
0, otherwise.

Given 7 € [0, 1], the T-quasirandom normalized configuration (at level ¢) is defined as Gr.qr €
NConfig, given by

Groqr(u) € 711 — r)t=lul,

Given further n € Ny, we let gr_vertex-unifs gr-Qr be obtained by rounding n - G;_yertex-unir and
n - Gr_qr respectively to integer values so that the result is in Config,, ,.

Lemma 6.9. Let ¢ € (0,1), let ¢ € Ny, let 7 € (0,1/¢), let n,m € Ny with m even and let

A%y . Then the following hold:

-1
conﬁgn Vi (gf-vcrtcx-unif)

i. For every v € ]Fg with |v| = 1 and every X € conﬁg;}(gT_VerteX_umf), we have
AMA(X) = <m’72> (1 — £7)™/27m/ 2™ 4 (™),
ii. We have

1 1
Hy(Grvertex-unif) = ¢ <7’ lg - +(1—47)lg 1_%> =lrlg(r) + 1 + 0(7-2)’

as T — 0 with ¢ fixed.
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ii. If

1 — /1 — 201 /myp1/m2

T 57 , (28)
then
__ 2(441)an1/m 24 oY (29)
as € = 0 with ¢ and m fixed and
ATA > 2% empmA 4 o(n™) (30)

for every v € F% with |v| = 1 as n — oo with ¢, £ and m fixed.

Proof. First note that since 0 < 7 < 1/¢, it follows that for every u € Fé, if gr_vertex-unif(t) 7 0, then

. def
Grvertexunit(1) = Q(n), so by Lemma 6.4 with go = gr_vertex-unif, We have

ATA(X) = Z <T;> H gr-vertex—unif(u)p(u) + O(nm)v

Fej:m,v uG]F%

where F, ., is given by (19).

Since grvertex-unif(v) = 0 whenever |u| > 2, it follows that the only terms of the sum above that
are non-zero correspond to F' € F,, that are entirely supported on {u € Fj | |u| < 1}. Since all
F € Fy, further satisfy F(u) = F(u + v) for every u € FS, we conclude that only one term of the
sum above can be non-zero, namely the one corresponding to Fy € Fp,,, given by

—, ifu=0o0ru=nwv,
Fo(u) el 2
0, otherwise,

so we get
AMA(X) = < " )(1 — o)™ 2 2pm g o(n™),
m/2
so Item (i) holds.
For Item (ii), note that
1

GT—Vertex—unif (u)

H2(GT—vertex—unif) == Z GT—vertex—unif(u) lg

0
u€elg

1
=lrlg—+ (1 —-41)1
Tg7'+( T)gleT

=(1lg 1y (1—¢r)(r +0(7%)) = I11g Ly o(7?).
T T

For Item (iii), first note that (29) follows from (28) and the fact that v/1+¢ =1+ ¢/2 + O(t?)
ast — 0.

Finally, note that (30) is trivial when evaluated on a point X not in the support of A as the
left-hand side is clearly non-negative.
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On the other hand, for X € supp(A), that is, for X € conﬁg;}(gT_vertex_unif), by Item (i), we
have

ATA(X) = ( ”}2> (1 — £r)™/27m2p™ 4 o(n™)

N om 1— (1 _ 52(43—1)/mm1/m€2) m/2 .

— 22€—15m + O(nm)’

as desired. m
Lemma 6.10. Let ¢ € (0,1), let £ € Ny, let 7 € (0,1), let n,m € Ny with m even and let
A%y . Then the following hold:

config, % (97-qr)

i. For every v € FS with |v| = 1 and every X € conﬁg;é(gT_QR), we have
ATA(X) = ( " >Tm/2(1 — )M (1 — 27 4 27%) DM 4 o(n™).
m/2
ii. We have
1 1 1 )
HQ(GT-QR):E Tlg;‘l—(l—T)lgﬁ :ETIg; +€T+O(T ),

as T — 0 with ¢ fixed.

iii. If T is the first non-negative root of

A7(1 = 1)8(1 — 27 4 27%) 7L — U= D/myp L /me2 (31)
then
= 2(“_1)/4mmlm e+ 0(0H) (32)
as € — 0 with ¢ and m fixed and
ATA > 2251 empmA 4 o(n™) (33)

for every v € FS with |v| = 1 as n — oo with ¢, £ and m fixed.

Proof. First note that since 0 < 7 < 1, it follows that g, qr(u) = Q(n) for every u € F5, so by

Lemma 6.4 with gg def 9r-QRr, we have

A= Y (7) TT aman® + o),

FEJ:m,'u uEIFg

where Fp, , is given by (19).
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Let ig € supp(v) and note that there is a natural one-to-one correspondence between F,, , and
the set

def

. pl\{io} _m
FELF: T, SN[ Y Fus= 5

ueFl\lio}

in which F' € F,,, corresponds to F' |F[£]\{i0}. Thus, we get
2

ATA(X < > (9r-qr (W) grar (u+ )™ + o(n™)
FeF weFlf\lio}
Z <m/2> H (r2ulH1(1 — )2=2lel =1y F@)m o ,m)
werlf\lo)
FeF

Fm\{zo}

m/2

Q\u\-i-l( )2@—2\11\—1 nm +0(nm)
E]F[é \{ig}

- 9\ (t=1)m/2
m/2 2@ 1)ym/2 m m
<1+<1_T>> n™ 4+ o(n™)

_ (m/ ) m/2( )Zm/Q( 2,7_+27_2)(€—1)m/2nm_*_O(nm)7

m/2

m

m/2

=( »
> (o)
()
= ()

where the third equality follows from the Multinomial Theorem and the fourth equality follows from
the Binomial Theorem. Thus, Item (i) holds.

For Item (ii), note that

1
Hy(Grqr) = 3 (1~ 1) g

= Tlul (]_ — 7)5*‘u|
1 1
= E <>7’J (1—7)7 <j-lg+(€—j)lg1>
T -7

-

For Item (iii), first note that the expression in (31) takes a negative value when 7 = 0 and takes
the value

—€<Tlg71_+(1—7)1g1

1
= (g = + 01 + O(7?).
T

23728 _ 2(4571)/mm1/m62
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when 7 = 1/2, which is positive if € > 0 is small enough, so the expression in (31) has a non-negative
root before 1/2. If 7 is the first non-negative root in (31), then (32) follows straightforwardly.
Finally, note that (33) is trivial when evaluated on a point X not in the support of A as the
left-hand side is clearly non-negative.
On the other hand, for X € supp(A), that is, for X € (config}, ,) ™' (gr-qr), by Item (i), we have

ATA(X) = (m”; 2) T — 7)1 = 27 4 27%) DM 2pm 4 o(n™)

2m
V2m

_ 22€flm1/m€mnm + O(Hm),

> 7_m/2(1 _ T)ém/Q(l —2r + 2T2)(€—1)m/2nm + O(nm)

where the second equality follows since 7 is a root of (31). n
Corollary 6.11. Let ¢ € (0,1), let £,m € N with m even such that

(-1
lg(1/¢)’

m =

where 1g def log, is the binary log.
Then for every sufficiently large n, there exist g1, g2 € Config,, , with

’gl (u) -—n- GT—Vertex—unif(u)’ < 0(”)5 |92(U) —n- GT-QR(U)| < 0(”)
for every u € % such that for

def def ~o det I
A’L' = ]lconﬁg;,ll(gi)a FZ = (I)m : Az ) fl = 1:_1\(0) )
(A

where ®,,, is given by (20), we have that fi and fo are feasible solutions of (2) with

. (46-1)/m,,1/m
0 ()
n 4 e n

_lboM a1, <1g<n>>
4 € n

asn — oo and e — 0 with £ and m fixed (in the above, the error term O (lg(n)/n) hides multiplicative
factors dependent on ¢, but the error terms o(1) and O(e*) only hide multiplicative factors that do
not depend on n nor on ).

Proof. Follows by combining Lemmas 6.9 and 6.10 with Theorem 6.7 (note that the small adjustment
to the configurations is needed both due to the error terms in (30) and (33) and to obtain the extra
1 term needed in (25)). [
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7 Conclusion

Establishing tight bounds on the rate-vs-distance trade-off of binary codes has remained a major
open question in coding theory. The best existential constructions given by the Gilbert—Varshamov
bound have not been improved for over 70 years, and the best upper bounds given by MRRW
bound have not been improved for almost 50 years. These known bounds are the same even for the
important class of linear codes. With the inception of complete linear programming hierarchies for
linear codes extending Delsarte’s LPs, an ambitious research program of analyzing these higher-order
Delsarte LPs is launched. On one hand their similarity with the original Delsarte LPs gives hope this
might be a viable task. On the other hand, the higher-order structure poses non-trivial challenges.

We view the contributions of this work as establishing important milestones in this research
program as we are able to construct higher-order dual feasible solutions for the first time. This is
done in two complementary ways. First, by explicitly lifting dual solutions from lower levels to
higher levels of these hierarchies. Second, by constructing higher-order dual solutions from scratch
generalizing spectral-based techniques. Given that these constructions either match or approximately
match the best known bounds, together with the proven strength of these complete hierarchies, they
open up important avenues of further exploration. For instance, very interesting concrete questions
made possible by this work are the following.

e After lifting a dual solution of the original Delsate LP to a higher-level ¢ of these hierarchies,
can we improve its objective value and improve over the MRRW bound?

e We saw that the spectral-based construction has some degrees of freedom, namely, there is a
choice of function ¢ capturing the sign of the valid region and a choice of configurations for an
eigenvalue-like problem. Can we find suitable choices to improve the MRRW bound?
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A Other Formulations of the Hierarchy

In this section we state other formulations that are not used in the current work.

A.1 Lovéasz ¥ Formulation

The ¢ formulation mentioned in Section 2 is (34), whose dual is (35); a linear code C € Valid,,

yields a natural solution M¢ of (34) given by Mc(X,Y) = aef 1[X1,..., X, Y1,...,Y, € C]/|C,
whose value is |C|’.
Variables: M : ngn X ngn — R symmetric
max Y M(X,Y)
X,YeFixm
s.t. tr(M) =1 (Normalization) (34)
M(X,Y)=0 VX,Y € F)" with X —Y ¢ Valid, (Validity)
M >0 (Positive semidefiniteness)
M(X,Y)>0 VX,Y e F" (Non-negativity)
Variables: N: ngn X Fgm — R symmetric
min
’ _— (35)
s.t. BI—N >0 (Maximum eigenvalue)
N(X,Y)>1 VX,Y € F*" with X — Y € Valid, (Validity)

A.2 LP Formulation

To get from the ¥ formulation of (34) to the LP formulation of (1), one first notes that all
[Fy-symmetric solutions must lie in the span of the matrices

By X.Y)¥1x -y =27 (X,Y,Z e F™).

On the other hand, the space of Fy-invariant solutions is the also the span of the Fourier matrices

def _
Fz(X,Y) = x2(X)Xz(Y) (X.Y,Z € F™),
which are positive semidefinite. The corresponding change of variables is summarized by
N d f 1 exn
Y HZ2)Ez= > [f(Z)Fz < Y fX (fecCh™).
ZG]ngn ZE]Ff;X" XeIFZX'n

Since any [Fj-symmetric solution is of the first form above for some f: Ff;x" — C, the semidefinite

constraint amounts to non-negativity of f and all other constraints translate easily to linear
constraints on f.
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A.3 Krawtchouk Formulation

The Krawtchouk formulation mentioned in Section 2 uses the S,-symmetry to rewrite the Fourier
transform in terms of the higher-order Krawtchouk polynomials Kj: Config, , — C (h € Config,, ,)
given by

defZH< >HXu )

FeFgn weF, u,weF:
Fon EXLFFOxF N | S Flu,—)=gA > F(—w)=hy,

u€lFs welFy

a )>>d6fnu€£;}2! g Fep (7).

In both the Krawtchouk formulation of (36) and its dual in (37) below, g~ € Config,, , denotes

the configuration given by g~ (u) def g(—u); a linear code C' € Valid,, yields a natural solution f¢
. def _
of (36) given by f(g) < [{X € (config, )"'(g) | X1,..., X, € C}.

Variables: f: Config, , - R
max > fg)
g€Config,, ,
s.t. f(config, ,(0)) =1 (Normalization)
flg)=0 Vg € config, ,(F;*™ \ Valid,, ¢) (Validity) |  (36)
Z Kn(g9)f(g) 20 Vh € Config, , (Krawtchouk)
g€Conlfig,, ,
f(g) =0 Vg € Config,, , (Non-negativity)
flg) = f(g™) Vg € Config,, (Symmetry)

Variables: f: Config, , -+ R, 3: Config, , - R

min 1+ Y K,(0)f(g)
g€Config,, i

(37)
st 1+ ) Ky )+ B(g) — B(g7) <O Vh € config, ,(Valid,,\{0}) (Validity)
gGConﬁgnl
flg) =0 Vg € Config,, , (Non-negativity)

An alternative way of obtaining (36) is directly from the Lovész ¢ formulation (34) by sym-
metrizing the action of the natural semidirect product Fy xS, that joins the actions of Fy and Sy,
into a single action. In turn, this amounts to the observation that this Fy x S,-action turns FgX”
naturally into a association scheme that is both a translation scheme and Schurian.
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B Notation

The set of non-negative integers is denoted by N and the set of positive integers is denoted by

N4 LN \ {0}. For n € N, we let [n] def {1,...,n}. We also let R, be the set of non-negative reals.

For ¢q,n € N, we denote the nth geometric sum of ratio q by

n
n—1 q —

. ifg#1
nly €Y ¢ =q a1 ’
j=0 n, ifqg=1.
We extend the notation above to when n < 0 in the natural way so that Z‘;;; ¢;j = 0 and

b -1
DG =~ 2 j=p1 G-
Given further k£ € Z, we denote the g-Gaussian falling factorial of n by k, the g-Gaussian
factorial and the q-Gaussian binomial of n by k by

(n)k,q

k—1
def . def n def )
(Mg = [0 = dlgs Ky < (k). <k) et ) Tl
‘ 7 0, otherwise,

itk >0,

respectively. When k < 0, products should be interpreted in the usual fashion so that H?;}L cj=1
and Hé’.:a cj = H?;I} 1 cj*l. We will omit ¢ from the notation when ¢ = 1, so that the above match
the usual falling factorial, factorial and binomial, respectively.

For a set V and k € Z, we denote by (‘,ﬁ) the set of all subsets of V' of size k (so |(‘;)| = (l‘;')
when V' is finite).

For a prime power ¢ € N, we denote by Fy the field with ¢ elements and for z € Fy, we denote

by |z def |supp(z)| the Hamming weight of z. For an Fy-vector space V, we denote by Lr, (V) the
set of all Fy-linear subspaces of V' and we denote by GLy(F,) the general linear group of degree ¢
over F, (i.e., the group of non-singular ¢ x ¢ matrices over F,). For a matrix X, we denote by X; the
ith row of X and by Xj, . ; the matrix obtained by restricting X to the rows indexed by i1, ..., 4.

A distance-d code is a code C' C Fy such that |z —y| > d for all z,y € C with x # y. We denote
by Ag4(n,d) the size of the largest distance-d code in Fy and by A{;in(n, d) the size of the largest
distance-d code in Iy that is also a subspace of [y .
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