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Expander Graphs
Combine two opposing properties

Well connected yet sparse

Mimic the cample graph

Sparse can have 0 1 degree

Have pseudo random properties

Can be constructed explicitly
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Expander Graphs

There is an ongoing revolution
in the design of fat algorithms

Structure Vs Randomness

Take an arbitrary 6 V E and

decompore it into expanding pieces

Expander

EIE.fi



Expander Graphs

Applications to

Algorithm Reign

Complexity Theory PCPs Hardness

Derandomization

CodingTheory

MCMC Mixing Sampling Counting

Group and NumberTheory
Combinatorics
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Graphs do seem fundamental

What about the study of strings

Ʃ finite alphabet

E E E

code

Coding Theory The study of strings
Applications to

Communication Storage

Complexity Theory Pseudorandannen

Quantum Computing Advantage
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Coding Theory

Hamming Model

Errors are adversarial

e Ʃ
Δ e ftp.e f4y 60,1 distance

He logic tell 0,1 rate

n

How to construct explicit codes

Hamming Ta Shima's
model codes

1 I 1 3

1950 1950s 2017

Randomcodes
Gilbert Vanhamer
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Coding Theory

Shannon Model

Errors are Probabilistic

Using ProbabilisticMethod Shannon proved

Them Capacity 70 pal
rate 1 Hq p E but no more

How to construct explicit capacity achievingcodes

Shannon's Arikan's
randomcodes polar codes
1
1948 2006

56
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Coding Theory
Hamming Model
Errors are adversarial

e Ʃ
List Decoding Elias57 Wagencraft's

C is G L list decadable if
g e E I Badlyp net L

Zyallon PinskerSt via Probalinter Method

Tim List Decoding Capacity
0 p e 10,1

1 e If p 4 list decadable

with e 1 May E and L O E
bent panikle



Coding Theory

Two Seminal Models 1940 1950

Hamming Model Shannon Model

Errors are adversarial Errors are Probabilistic

111111111

More general error Simpler errors 1www.itn



Chuent to Construct Explicit Coder

achieving List Decoding Capacity

Hamming Model Shannon Model

Errors are adversarial Errors are Probabilistic

1111111

Pernice SprumontWootters25

list decoding capacity
capacity



Chuent to Construct Explicit Coder

achieving List Decoding Capacity

Hamming Model Shannon Model

Errors are adversarial Errors are Probabilistic

1111111

Pernice SprumontWootters25

list decoding capacity
capacity

not alwaystrue
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Singleton Bound

Them

code L with r e R we have

Δ e 1 R

Reed Solomon codesachieve thisband
RS

412 an elf distinct

pH to text Cux

I Encoding map
plat pal plant

codeword Drawback If n

large alphabet



List Decoding withExplicitCodes

Efficient list decoding for RS

1 25 Sudan 95

1 TR Gummami Sudan99

Johnson bound

Parrarash Vardy'OS
1 OR lag's

Folded Reed Solomon FRS

1 R E Gumwami Rudra06
Lint decodingCapacity



Amazing Synergy

Expander Codes

Recent breakthroughs

Ta Shima's Codes'll C LTC
ExplicitBinaryCodes

near GV
linen etal 22

14 11Efaction

Good QuantumLDPCCodes
Pantaleer Kalacher 22
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Code Concatenation

e Cant Eu
Cim Ʃ with link Eat

ME tn go.EC d8 CautoCim
Ence 11

Ene 2 eat 2 Ein
d E.me

iEnceHul

Heatolin
Ence 11

eat Cim



Code Concatenation

8 CantoCim 2 eat 8 ein

Meant Cim eat Cim

Dream Goal Another code operation

8 CantoEin 8 ein
Catlin r Cim

The good properties of a small localcode Ein
becomethepropertiesofthe global

code Capein



Local to Global

Dream Goal Another code operation

8 CantoEin 8 ein
Caitlin r Cim

The good properties of a small localcode Ein
becomethepropertiesofthe global

code Capein

Alan Edmonds Luby 94

This is possible using expandergraphs

AEL Construction
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AEL Construction

AEL 6 Cant Cin

6 L R E bipartite 14 121 n d regular

Cant Eai Cin End with Earth Cinl
Eat in

X Xn fCont

ly yi jdlc8nl I Collect symbols
I g ckind

Ence I y.fi
go

2 Enel'd
g ly't y's Y'd

End's j id a d
1 Ein

g Final
codeword

End IR Ʃ P
GET
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AEL Parameters 1 0

8 CAEL 8in

HEAEL Cat vein
We can take Ein with 8in 1 R

Kein R
and Cont with Meat 1 E

8 CAEL 1 R E

CAEL R E

near the Singleton bound
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Generalized Singleton Bound

Let E E E of rate RE 10,1
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Generalized Singleton Bound

Let C C Ʃ of rate RE 10,1

1191 1819

hi ha K E C distinctcodewords

Rn t id.itmhe 1

11 1

ha 1 1

11 I 1 l

i 1

1

g I 1

1218,311 41 73



Generalized Singleton Bound

Let E E E of rate RE 10,1

1191 1819

hi ha h E E distinctcodewords

Rn t.li hfn
he 1

11 1

ha 1 1

11 I 1 l

i 1

1

g I 1

Similar argument holds for k codewords

121g HCl R1 K
K
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Generalized Singleton Bound1653

Them ShangguanTamo20 Rath22

Hg 11 RM K

K 2 in the original Singleton Bound

Con 111g 1 R E 21 f
List rizes R are required

for capacity

Moral

Achieving list sizer of 0 E would

be optional



Folded ReedSolomon FRS

List size bounds

n Gurusmani Rudra06

gurusmami.lt

f Cain Lovett's

Srivastava's

Chen Zhang25

approach GSB



Folded ReedSolomon FRS

Wonderful Properties

List Decoding Capacity
Gunsmami Rudra06

Explicit

Efficient List Decoding

Approach GSB optimal list rizes
Chen Zhang25

Major Drawbacks

Large non constant alphabetsize

e If with q n't y
No good local properties LDR 1
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Dozens of Papers Studying

List Decoding Capacity for

Random Codes

Powerful yardstick to analyze
constructions

Beautiful Combinatorial Probalistic
Ideas

Cannot efficientlycertify Δ e 1
Cannot efficiently decode a
cannot be made explicit 1
Cannot use in real applications



Dream Wish List of CodingTheory

We want a code with

Optimal Parameters
rate vs decoding radius

Explicit

Alphabet as small as possible

Efficient Encoding

Efficient dirt Decoding

Local Properties
LDPC LTC LDC LCC etc



Our Results

Thin J Mittal Srivastava Tuliani 253

New family of codes

Explicit

Achieve List Decoding Capacity

Over content rize alphabet

Optimal List Sizes approachGSB

Efficient ListDecading up to Capacity
Sun of Squares based

Local Properties LDPC



known codes satisfying
Explicit

Gua Ron2mi 20

Achieve List Decoding Capacity

Over constant rise alphabet

are based on sophisticated

pyAlgebraic Geometry
and still have the drawback

List rizes are far from optimal a

Do not approach GSB 1



Our Results

Thin J Mittal SrivastavaTuliani 253

New family of codes

Explicit
Achieve ListDecodingCapacity

Over contentripe alphabet

Optimal List Sizes approachGSB

EfficientListDecadingupto CapacitySunof Squares based

Local Properties LDPC

Based on Expander Graphs
IAEL for list decoding

Simple Construction

Only uses Combinatorics
No need of sophisticated algebra
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detain via AEL

Global code approaching the GRS



Our Codes

Local to Global using AEL

Start with a constant rize Ein approaching
the generalized Singleton Bound GRS

detain via AEL

Global code approaching the GRS

1HCim can be a random linear code

of 011 riseor

2 Cim can be an explicit FRS of
01H rize



Lint Decoding

Def C Ʃ in p K 1 list decadable if

g
e E he he e e

Max Δ g hi p
i K

hi
hi
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Tg
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Not all he he can be in Blg.pt
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Average Radius List Decoding
stronger than list decoding
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Average Radius List Decoding
stronger than list decoding

Def C Ʃ in p K 1 list decadable if

g
e Ʃ he he E dirtinet

E Alg hi p
i E K

E relaxed average GSB

IE Algini K 1 1 R E
ie K K

Ʃ Alg hi K1111 R E
ie K
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Open Question Galore

More efficient Recoding

Implications to other pseudorandomconstructions

e.g extractors bowlers expanders

Tightier alphabet size

Quantum Capacity

List Recovery othermodels



Open Problems

That
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